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Wide application of fiber composite technology in various fields is based on taking 
advantage of the high strength and high stiffness of fibers. In fiber composites, both the fiber 
and the matrix retain their original physical and chemical identities, yet together they produce 
a combination of mechanical properties that cannot be achieved with either of the constituents 
acting alone. Many different alternative test set-ups and experimental techniques have been 
developed in recent years to gain more insight into the basic mechanisms, dominating the 
properties of the fiber/matrix interface. Among these experimental tests, Pull-out test and 
Micro-bond test are most widely used. A lot of analytical studies have been done to clarify pull-
out phenomena in pull-out test and micro-bond test, but no studies are available for the intensity 
of singular stress field (ISSF) at the singular points that cause crack initiation. 
This intensity should be analyzed to evaluate the fiber/matrix interface properly. Previously, 
the finite element method and proportional method were used to evaluate the ISSF of butt joint 
and lap joint. These methods are used to study the ISSF in pull-out test and micro-bond test. 
This thesis is composed of total of 5 chapters and organized as follows. 
Chapter 1, gives an introduction of the pull-out test and micro-bond test and other 
experiments that used to evaluate the fiber/matrix interface in composites. Also gives an 
introduction of the finite element method and proportional method, which are mainly used in 
this study. Then the research purpose of this thesis is introduced, focusing on clarification of 
the pull-out mechanism of the fiber/matrix interface, and analysis of the ISSFs of different 
geometry and material combinations in pull-out test and micro-bond test. 
In Chapter 2, deals with a partially-embedded single-fiber under pull-out force in comparison 
with a single fiber embedded in matrix focusing on two distinct singular stress fields. Glass 
fiber/epoxy of pull-out test is mainly studied in this chapter. Then, the intensities of the singular 
stress fields (ISSFs) are compared at the fiber end named Point A* and the fiber/surface 
intersection named Point E*. To analyze the ISSFs accurately, a body force method (BFM) is 
used as the reference problem.  
In Chapter 3, the intensity of singular stress field (ISSF) is analyzed at the fiber entry/exit 
 
iii 
points in micro-bond test. The obtained ISSFs at the fiber entry point in micro-bond test are 
compared to the single fiber pull-out under the same fiber geometry. The results show that care 
should be taken for the previous micro-bond test geometry since the ISSF varies sensitively 
depending on the testing geometry. To control the initial fiber/matrix debonding and evaluate 
the bonding behavior correctly, suitable testing geometries are proposed in micro-bond testing. 
In Chapter 4, ISSF of carbon fiber/epoxy is analyzed for verifying the conclusions obtained 
in Chapter2 and Chapter3. The fiber end named Point A* is easier to debond, if the bonded 
length is short. The fiber entry named Point E* is easier to debond, if the bonded length is long. 
This is same for Glass fiber/epoxy and Carbon fiber/epoxy. However, the bonded length when 
Point A* and Point E* is equal severe is different for different material combination. As the 
reference solution, a single fiber embedded in matrix is also calculated under arbitrary material 
combinations by using the body force method (BFM). By using this reference, the ISSFs in 
pull-out test is evaluated in the alpha-beta space. For Glass fiber/epoxy, the ISSF of Pull-out at 
Point E* is about 0.75 of that at Point E in micro-bond test. This ratio is verified for Carbon 
fiber/epoxy and Aramid fiber/epoxy. 
Finally, Chapter 5 provides the major conclusions, the most significant outcomes and 




























おける 2つの試験での ISSFの変化について述べた． 
第 2 章では，ガラス繊維強化複合材料(Glass/Epoxy)の引抜試験について，繊維と
母材の界面に生じる 2つの異なる特異応力場に注目し，埋め込み端部(点 A*)と繊維入







が長いとき，点 E*が点 A*より壊れやすいことを明らかにした． 
第 3 章では，ガラス繊維強化複合材料(Glass/Epoxy)のマイクロボンド試験におけ
る，繊維退出部(点 A)および繊維入口部(点 E) の ISSFについて述べた． マイクロボ
ンド試験における，繊維入口部(点 E)での ISSF は，同じ繊維寸法における第 2 章で
述べている引抜試験の繊維入口部(点 E*)の ISSF と比較できる．その結果，埋込部長
さが ISSF に与える影響はマイクロボンド試験でも引抜試験と同様の傾向を示すこと
を明らかにした．また，引抜試験の ISSF はいずれの埋込部長さにおいてもマイクロ





















Acknowledgments .................................................................................................................. i 
Abstract ................................................................................................................................. ii 
論文要旨 ............................................................................................................................. iv 
Contents ............................................................................................................................... vi 
Nomenclature ..................................................................................................................... viii 
Chapter 1 Introduction ........................................................................................................... 1 
1.1 Research Backgrounds ............................................................................................ 1 
1.2 Intensity of singular stress field (ISSF) ................................................................... 4 
1.3 Proportional method by using finite element method (FEM) .................................. 5 
1.4 Reference Solution Obtained by Using Reciprocal Work Contour Integral Method 
(RWCIM) ........................................................................................................................... 6 
Chapter 2. Intensity of Singular Stress Field in Pull-out test. ............................................... 9 
2.1 Introduction ............................................................................................................. 9 
2.2 Singular stress fields and the ISSF at the fiber end ................................................ 11 
2.3 Singular stress field and the ISSF at the fiber entry point ..................................... 18 
2.4. Results and discussion. ......................................................................................... 24 
2.5. Conclusions .......................................................................................................... 30 
Chapter 3 Intensity of Singular Stress Field in Micro-bond Test. ....................................... 32 
3.1 Introduction ........................................................................................................... 32 
3.2. Modelling to analyze intensity of singular stress filed (ISSF) ............................. 34 
 
vii 
3.3. Results and Discussion ......................................................................................... 38 
3.4. Conclusions .......................................................................................................... 47 
Appendix 3.A: Modelling of a single fiber pull-out embedded in a semi-infinite region.
 ......................................................................................................................................... 48 
Appendix 3.B: An example of FEM mesh and stress distributions for the micro-bond 
test. .................................................................................................................................. 48 
Chapter 4 Material Combination Effects on ISSFs in Pull-out Test and Micro-bond Test.. 52 
4.1 Carbon fiber/Epoxy vs. Glass fiber/Epoxy ............................................................ 52 
4.1 ISSF at Point A in pull-out test .............................................................................. 52 
4.2 ISSF at Point E in Pull-out test .............................................................................. 55 
4.3 ISSF in micro-bond test for Carbon fiber/Epoxy in comparison with Glass 
fiber/Epoxy ...................................................................................................................... 60 
4.4 ISSFs under Arbitrary Material Combination for a Single Rectangle Fiber in an 
Infinite Plate Subjected to Remote Tension ..................................................................... 63 
4.5 ISSFs under Arbitrary Material Combination for a Single Fiber Subjected to Pull-
out Force from a Semi-Infinite Plate ............................................................................... 66 
4.6 Conclusions ........................................................................................................... 69 
Chapter 5 Conclusions. ........................................................................................................ 70 










FEM Finite element method 
ISSF Intensity of singular stress field 
IFSS Interfacial shear strength based on average shear stress 
Point A Fiber exit point for micro-bond test 
Point E Fiber entry point for micro-bond test 
Point A∗ Fiber buried end for pull-out test 
Point E∗ Fiber entry point for pull-out test 
𝑙𝑀  Size of the matrix for pull-out test 
𝑙𝑏, 𝑙𝑖𝑛 Fiber bonded length 
𝑙𝑔  Knife gap opening 
𝐷  Width of the fiber in 2D analysis, fixed as 𝐷 = 20μm 
𝑃  Total pull-force on the free end of fiber 
𝜃𝐶  Contact angle of matrix and fiber 
𝑟𝑖  Distance from Point 𝑖 (𝑖 = A, E, E
∗) along the interface 
𝐸𝐹  Young’s modulus of fiber 
𝐸𝑀  Young’s modulus of matrix and droplet 
𝜈𝐹  Poisson’s ratio of fiber 
𝜈𝑀  Poisson’s ratio of matrix and droplet 
𝐺𝐹  Shear modulus of fiber 
𝐺𝑀  Shear modulus of matrix and droplet 
𝛼, 𝛽 Dundurs’ parameters 
𝜆, 𝜆1, 𝜆2 Singular index 
𝜎𝑥
𝑖   Stress in the 𝑥-direction at Point 𝑖 (𝑖 = A, E, E∗) 
𝜎𝑥,𝐹𝐸𝑀
𝑖 (𝑟𝑖)  Stress distribution along 𝑟𝑖 in FEM analysis. 
𝐾𝜎,𝜆1
𝑖   ISSF at Point 𝑖 (𝑖 = A, E, E∗) corresponding to 𝜆1 
𝐾𝜎,𝜆2
𝑖   ISSF at Point 𝑖 (𝑖 = A, E, E∗) corresponding to 𝜆2 
𝐾𝜎
𝑖   ISSF at Point 𝑖 (𝑖 = A, E, E∗) 
𝑒𝑚𝑖𝑛  Minimum element size in FEM modelling 
Δ𝜃𝐶  Change of 𝜃𝐶 after deformation 
𝑢𝑦
𝑖 (0)  Displacement in the y-direction at Point 𝑖 
𝑥  Distance from Point 𝑖 the 𝑥-direction along the surface 
𝑢𝑦
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Chapter 1 Introduction 
1.1 Research Backgrounds 
Wide application of fiber composite technology in various fields is based on taking advantage 
of the high strength and high stiffness of fibers. In fiber composites, both the fiber and the 
matrix retain their original physical and chemical identities, yet together they produce a 
combination of mechanical properties that cannot be achieved with either of the constituents 
acting alone 1),2). As shown in Fig. 1.1(a) is a typical structure of fiber reinforced composite 
(FRC). Fig. 1.1(b) illustrate a typical fault that will appear in the FRC and influence the quality 
of FRC. 
  
(a) Fiber reinforced composite (FRC) (b) FRC with a fault 
Fig. 1.1 Schematic of fiber reinforced composite 
Many different alternative test set-ups and experimental techniques have been developed in 
recent years to gain more insight into the basic mechanisms, dominating the properties of the 
fiber/matrix interface. One of the most popular is the pull-out test as shown in Fig. 1.2. The 
other one is micro-bond test as shown in Fig. 1.3. These test methods are very useful to evaluate 
the quality of the FRC. 
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Fig. 1.2 Schematic of pull-out test 
In the pull-out test, a single fiber or bar partially embedded in resin is pulled out from the 
surrounding matrix and the corresponding relation between load 𝑃(𝛿) and displacement 𝛿 is 
recorded 3). Typical relation between the pull-out load vs. displacement contains three typical 
zones, that is, linear elastic zone, crack extension zone and fiber extruding zone 4). 
The pull-out test has been used as an advantageous micromechanical test used to characterize 
interfacial fiber/matrix bonding. To pull out the fiber, since the debonding strength should be 
smaller than the tensile strength of the fiber, high adhesion systems require very small 
embedding lengths 𝑙𝑖𝑛 (< 100μm) 
2). However, the small embedding lengths sometimes make 
the test unusable because the pull-out force has to break the adhesion at the fiber end. The effect 
of the embedded length on the debonding stress at the fiber end should be clarified especially 
in the range of short embedded length around 𝑙𝑏 = 5𝐷. 
Micro-bond test as shown in Fig. 1.3 is easier to conduct compared to pull-out test. In the 
Preparation of the specimen, matrix is deposited on to the surface of fiber in the form of one or 
more discrete microdroplets. The droplets will form concentrically around the fiber in the shape 
of ellipsoids. And retain their shape after appropriate curing. The droplet dimensions can only 
be measured after cured. The bonded length 𝑙𝑏 of fiber are dominated not only by the fiber, 
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but also dominated by the quantity of matrix. For Glass fiber and Carbon fiber (50~300μm) 
Kevlar (50~500μm). In micro-bond test, large bond length is difficult. 
 
Fig. 1.3 Schematic of micro-bond test 
Push out test and Fragmentation test as shown in Fig. 1.4 is also widely used in different 
evaluation of FRC. Push-out test are usually conducted on thin slices of unidirectional 
composite plates. As shown in the figure, the yellow parts represent the matrix and the green 
part represents fiber, the fiber is pushed out from the matrix. Fragmentation tests are usually 
conducted on single-filament model composites to measure the interfacial shear strength. As 
shown in the figure, the green parts represent fiber and the yellow part represents matrix. In this 
experiment, there is only one fiber or several fibers lined up in a line. The load is applied to 
both ends of the whole sample. 
 
Fig. 1.4 Push-out test and fragment test. 
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Fig. 1.5 Modelling of pull-out test and micro-bond test 
The authors’ recent studies have shown that the ISSFs are useful for evaluating the interface 
strength because they control the adhesive strength for butt and lap joints 5)–11). Therefore, this 
paper will focus on the ISSFs of a single fiber partially embedded in a matrix under pull out 
force by using the 2D model as shown in Fig. 1.5. Then, the effect of fiber embedded length on 
the ISSFs will be investigated and the severities at the fiber end Point A and at the fiber entry 
Point E will be compared by considering their fiber interface stress distributions. The final goal 
of this study is to clarify the fiber pull out mechanism toward designing suitable fiber reinforced 
composites. In this research, the intensity of singular stress fields in the pull-out test and micro-
bond test will be studied. 
1.2 Intensity of singular stress field (ISSF) 
The normal singular stress, which may cause debonding at the entry point, can be expressed 














, (𝑖 = A, E, E∗)     (1.1) 
Here 𝜆1 and 𝜆2 are singular indexes, which can be calculated by solving the following 
characteristic equations 13),14). Singular indexes at Point E and Point E∗ in Fig. 1.5 are same, 
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but singular indexes at Point A and Point A∗ in Fig. 1.5 are different. In micro-bond test, Point 
A and Point E have same singular indexes. Therefore, the ISSFs at Point A, Point E and Point 




















    (1.2) 
Here, 𝛼 , 𝛽  denote bi-material parameters of Dundurs 15), and 𝐺𝐹  and 𝐺𝑀  are shear 
modulus, which can be transformed from Young’s modulus 𝐸𝐹, 𝐸𝑀 and Poisson’s ratios 𝜈𝐹, 
𝜈𝑀. Subscripts M, F represent the matrix and the reinforcing fiber, respectively. In this study, 
analysis is carried out under plane strain. 
  𝛼 =
𝐺𝐹(𝜅𝑀 + 1) − 𝐺𝑀(𝜅𝐹 + 1)
𝐺𝐹(𝜅𝑀 + 1) + 𝐺𝑀(𝜅𝐹 + 1)
,      𝛽 =
𝐺𝐹(𝜅𝑀 − 1) − 𝐺𝑀(𝜅𝐹 − 1)
𝐺𝐹(𝜅𝑀 + 1) + 𝐺𝑀(𝜅𝐹 + 1)
, 
𝜅𝑖 = {
(3 − 𝜈𝑖) (1 + 𝜈𝑖)⁄      (𝑃𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑒𝑠𝑠)
(3 − 4𝜈𝑖)                     (𝑃𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑎𝑖𝑛)
(𝑖 = 𝑀, 𝐹)     
   (1.3) 
1.3 Proportional method by using finite element method (FEM) 
Finite element method (FEM) analysis should be well conducted and may require experience 
and skills for engineering applications 16)–24). In this analysis, a mesh independent proportional 
method is used to calculate the ISSF 𝐾𝜎
𝑖  defined in equation (1.1). The ISSF can be calculated 
from the ratio of FEM stress 𝜎𝑥,𝑖











, (𝑖, 𝑗 = A, E, E∗)        (1.4) 
For example, although the stress distribution 𝜎𝑥,𝐹𝐸𝑀
𝐸 (𝑟𝐸) varies depending on the FEM 
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mesh size, the FEM stress ratio 𝜎𝑥,𝐹𝐸𝑀
𝐸 (𝑟𝐸) 𝜎𝑥,𝐹𝐸𝑀
𝐸∗ (𝑟𝐸∗)⁄  is almost the same independent of 
mesh size. This is because the same mesh pattern is applied to the singular stress region to 
cancel the FEM error. The FEM stress ratio can be regarded as the real stress ratio although the 
FEM stress cannot express the real singular stress. Since the stress ratio can be obtained 
accurately, the ISSF of unknown problem can be obtained from the ISSF of reference solutions 
with the ratio as shown in equation (1.4).  








𝐸  at the fiber entry Point E in pull-out can be calculated by using the 






















The RWCIM may be suitable. This method is based on the concept of Betti’s Law, pioneered 
by Stern et al. 19). Carpenter et al. 26) and Sinclair et al. 27) adapted this method to the general 
opening crack problem. By mean of Williams΄ eigenfunction expansion method, displacement 
and stress in the vicinity of the interface corner edge can be expressed as 26),28):  
𝜎𝑖𝑗 = ∑ 𝐾𝑘𝑓𝑖𝑗(𝜃, 𝜆𝑘)𝑟
𝜆𝑘−1 ∞𝑘=1          (1.5) 
𝑢𝑖 = ∑ 𝐾𝑘𝑔𝑖(𝜃, 𝜆𝑘)𝑟
𝜆𝑘∞
𝑘=1           (1.6) 
Here, 𝜆𝑘 is singular index obtained by solving equation (1.2) in Section 1.2. For most of the 
material combinations the singular indexes 𝜆𝑖
𝐸 have two real roots 𝜆1
𝐸 and 𝜆2
𝐸 corresponding 
to two different singular fields 29). Here, 𝐾𝑘 is ISSF corresponding to singular index 𝜆𝑘 , 
obtained by RWCIM discussed in this section. As shown in Fig. 1.6, symbol 𝑟 is the radial 
distance away from Point E. Eigenfunctions 𝑓𝑖𝑗 and 𝑔𝑖 depend on 𝜆𝑘 and 𝜃. When 𝜃 = 0, 
and use 𝐾𝜎,𝜆𝑘 to denote 𝐾𝑘𝑓𝜃(𝜃, 𝜆𝑘), equation (1.5) is expressed as equation (1.1). Denote by 
𝑢𝑖 the displacement field and 𝜎𝑖𝑗 the traction vector on a contour 𝐶 = 𝐶1 + 𝐶2 + 𝐶3 + 𝐶4 +
𝐶5 + 𝐶6 + 𝐶𝜀, as shown in Fig. 1.6, equation (1.7) 
26) is obtained from Betti’s Law:  
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∮ (𝜎𝑖𝑗𝑢𝑖
∗ − 𝜎𝑖𝑗
∗ 𝑢𝑖)𝑑𝑠 = 0𝐶 .        (1.7) 
Here, 𝑢𝑖
∗ and 𝜎𝑖𝑗
∗  correspond to any other such solution. Contour 𝐶𝜀 is a three-quarter circle 
contour with a radius . Separate the contour into 𝐶𝜀 and 𝐶𝑅 = 𝐶1 + 𝐶2 + 𝐶3 + 𝐶4 + 𝐶5 + 𝐶6, 
equation (1.7) becomes 30):  










𝑑𝑠.    (1.8) 
Then, the integral 𝐼𝜀 can be calculated from the path independent contour 𝐶𝑅, without need 
for accurate data in the vicinity of the Point E in FEM calculation. ISSF 𝐾𝑘 corresponding to 













𝐸 . Worth mentioning that, for the integral path C shown 
in Fig.1.6, contours 𝐶1 and 𝐶2 locate along the stress-free surface, and therefore, the integrals 
along these contours are zero.  
 
Fig. 1.6. Integral path C for RWCIM (𝐶 = 𝐶1 + 𝐶2 + 𝐶3 + 𝐶4 + 𝐶5 + 𝐶6). 
Plane strain condition is selected for carrying out the linear elastic analyses in MSC Marc 
software. Around the interface corner edge eight-node elements are utilized, while for other 
regions away from the interface corner edge, four-node elements are selected. 
RWCIM can be used to provide the reference ISSFs. However, RWCIM requires a large 
number of calculations for complex operations with matrix as well as numerical integrations 
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along the path. The proportional method in Section 1.3 to calculate the ISSFs (from a reference 
solution of the ISSF) is just as accurate as the RWCIM, when calculating the first term, being 
more convenient and practical. In this method, comparison between two models can be made 
from the FEM stress ratios, easily.  
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Chapter 2. Intensity of Singular Stress Field in Pull-out test. 
2.1 Introduction 
 
Fig. 2.1 Two-dimensional pull-out model for partially embedded fiber with the singular stress 
fields along the local coordinates 𝑟1, 𝑟2, 𝑟3. The intensities of the singular stress fields 
(ISSFs) are denoted by 𝐾
𝜎,𝜆1
𝐴∗
𝐴∗  etc. 31)–33). 
Fig. 2.1 shows a two-dimensional single fiber partially embedded considered in this study. 
The shaded (slashed) part represents a rectangular-shaped fiber whose Young’s modulus is 
denoted by 𝐸𝐹 and whose Poisson’s Ratio is denoted by 𝜈𝐹. The grey portion represents the 
matrix having a semi-infinite region whose Young’s modulus is denoted by 𝐸𝑀 and whose 
Poisson’s Ratio is denoted by 𝜈𝑀. Subscripts M, F represent the matrix and reinforcing fiber, 
respectively. Assume that perfectly bonded fiber/matrix interface whose material properties 
vary in a stepwise manner across the interface. A uniform tensile stress is distributed at the free 
end of the fiber, and the total force is 𝑃. The embedding length 𝑙𝑏 represents the distance from 
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the surface of the matrix to the buried end of fiber. Notation 𝐷 represents the diameter of the 
fiber, i.e. the width of the fiber in this 2D analysis. Point E∗ is used to represents the interface 
on the surface of the matrix. Similarly, Point A∗ represents the interface corner at the fiber end. 
Notations 𝐸𝐹 , 𝜈𝐹 , 𝐸𝑀 , 𝜈𝑀 represent the Young’s modulus and Poisson’s ratio of fiber and 
matrix, respectively. Singular interface stress fields 31)–33), which will be explained in the next 
section, are indicated in Fig. 2.1 around Point A∗ and Point E∗. They are controlled by the 
intensity of the singular stress fields (ISSFs, denoted by 𝐾
𝜎, 𝜆1
A
A  etc.) 31)–33). 
Many researchers have been working on fiber pull-out experiments. For example, Scheer et 
al. 34) experimentally investigated interfacial peeling of reinforcing fibers, focusing on the 
energy release rate. Zhandarov et al. 35),36) investigated the pull-out force versus displacement. 
The 𝑃(𝛿) curve of pull-out test and 𝑃(𝛿) curve of micro-bond tests is similar, i.e. crack 
propagation may starts from the fiber entry Point E∗ 34)–36). Marotzke C. et al. 37) investigated 
the influence of thermally induced stresses and interfacial friction on the interfacial debonding 
process, focusing on the energy release rate. Wang C. et al. 38) and K.-H. Tsai et al. 39) 
investigated the process of fiber pull-out test, focusing on peeling and friction slip, it is observed 
that crack initiate at the fiber bonded end Point A∗ during the fiber pull-out test 38),39). In a rod 
pull out test that very similar to fiber pull-out test, Atkinson, et al. 20) observed crack initiation 
sometimes occur at Point A∗ and sometimes occur at Point E∗ in Fig. 2.1. 
In the previous pull-out experiments, the interface strength was discussed between the fiber 
and the matrix without paying attention to the intensity of singular stress field (ISSF). As shown 
in Fig. 2.1, however, due to the singular stress fields crack initiation sometimes occurs at Point 
A∗, sometimes occur at Point E∗. Then, the crack may propagate causing final failure. Therefore, 
to evaluate the mechanical strength of the composites, it is necessary to know the ISSFs at these 
two points. In the previous studies, the shear-lag theory was widely used to discuss the shear 
stress distribution of the fiber interface. However, this theory is simply based on one-
dimensional fiber model assuming the fiber interface transmits only the shear stress 40)–42); and 
therefore, this theory cannot express the singular stress fields. In other words, a lot of analytical 
studies have been done to clarify pull-out phenomena 21),24),43), but no studies are available for 
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the ISSF.  
The authors’ recent studies have shown that the ISSFs are useful for evaluating the interface 
strength because they control the adhesive strength for butt and lap joints 5)–11). Therefore, this 
paper will focus on the ISSFs of a single fiber partially embedded in a matrix under pull out 
force. Then, the effect of fiber embedded length on the ISSFs will be investigated and the 
severities at the fiber end Point A∗  and at the fiber entry Point E∗  will be compared by 
considering their fiber interface stress distributions. The final goal of this study is to clarify the 
fiber pull out mechanism toward designing suitable fiber reinforced composites. 
2.2 Singular stress fields and the ISSF at the fiber end 
In this study the finite element method (FEM) is applied to calculating the ISSFs. Since the 
FEM stress values are usually affected by the mesh size, in the previous study 44),45) the same 
mesh pattern is applied around the singular points for unknown and reference problems. Then, 
it was found that the FEM stress ratio of the unknown and reference problem is constant 
independent of the mesh size. Therefore, the FEM stress ratio is equal to the ISSF ratio because 
the FEM mesh error can be eliminated by considering FEM stress ratio and applying the same 
mesh (Detail is discussed in Table 2.2a and b). By choosing the reference problem as an exact 
solution available, the ISSF of the unknown problem can be obtained by multiplying the FEM 
stress ratio and the ISSF of the exact solution. Regarding fiber end Point A∗, a single fiber in 
an infinite plate can be chosen as the reference problem. The analysis method used in this study 
can be called the proportional method since the method is based on the proportional FEM stress 
fields 12),25),46)–49). This mesh-independent technique is a convenient ISSF calculation method, 
and the obtained ISSFs are denoted by 𝐾
𝜎, 𝜆1
A
A  etc. 31)–33). 
Fig. 2.1 shows the two-dimensional model of fiber pull-out problem considered in this paper. 
Here, a 2D rectangular shape is used to represent the fiber focusing on the singular stress fields 
at Point A∗ and Point E∗. Although cylindrical shape may be more suitable for representing the 
fiber, the non-singular term caused by the circumferential strain must be removed and the 
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analysis becomes complicated 8),9). Therefore, this modelling should be considered after 
considering the rectangular modelling.  
Table 2.1 shows mechanical properties of the Fiber/Matrix considered in this study. The base 
material Epon 828 can be obtained by curing a bisphenol A type liquid epoxy resin with m-
phenylenediamine. In the previous study, for example, a pull-out test was conducted for a single 
glass-fiber whose diameter 𝐷 = 21μm from the matrix Epon 828 44). Since the aspect ratio 
𝑙𝑏 𝐷⁄  mainly controls the pull-out behavior, 𝐷 = 20μm is assumed as shown in Table 2.1 and 
Fig. 2.2. Here, 𝑙 denotes the total fiber length and 𝑙𝑏 the denotes the embedded length; then, 
𝑙𝑏 𝐷⁄ = 5 means 𝑙𝑏 = 100μm. To obtain the ISSF at the fiber end, model as shown in Fig. 
2.2(b) is used as a reference problem. This is because the exact solution is available for the 
problem as shown in Fig. 2.2(b) 31),50)–52), which is a rectangular fiber fully embedded in an 
infinite plate and the total length of the fiber is 2𝑙𝑏. Symbol 𝜎∞ in Fig. 2.2 denotes the uniform 
tensile stress on the boundary of the infinite plate. 
Table 2.1. Mechanical properties of Glass fiber/Epoxy 





Young’s Modulus (GPa) 75 3.3 
Poisson’s Ratio 0.17 0.35 
Dundurs’ Parameter 
𝛼 = 0.9071 
𝛽 = 0.2016 
Singular Index at Point A∗ 
𝜆1
𝐸∗ = 0.7632 
𝜆2
𝐸∗ = 0.6218 
Singular Index at Point E∗ 
𝜆1
𝐸∗ = 0.6592 
𝜆2
𝐸∗ = 0.9992 
In this study, the ISSFs at Point A∗ and Point E∗, for the problem as shown in Fig. 2.1, are 
mainly discussed by varying 𝑙𝑏. Then, the x-y coordinate system as shown in Fig. 2.1 is used. 
The y-direction corresponds to the axial direction of the fiber, and the x-direction corresponds 
to the radial direction of the fiber. Notation 𝑟1 denotes the distance from Point A
∗ in the x-
direction, and 𝑟2 denotes the distance from Point A
∗ in the y-direction. Then, 𝑟1 = 0 and 
𝑟2 = 0 means Point A
∗. Notation 𝑟3 denotes the distance from Point E
∗ in the y-direction, and 
𝑟3 = 0 represents Point E
∗. 
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Fig. 2.2. 2D modelling: (a) a single rectangular fiber pull-out from a semi-infinite plate; (b) a 
single rectangular fiber in an infinite plate under remote tension used as the reference 
solution. 
Note that the singular stress field at Point A∗ in Fig. 2.2(a) is similar to the singular stress 
field at Point A∗ of the reinforcing fiber in the matrix shown in Fig. 2.2(b). The ISSF of Point 
A∗ in Fig. 2.2(b) can be calculated by the body force method (BFM) 31),50)–52). The BFM is a 
powerful analytical method to obtain accurate solutions, which can be virtually regarded as 
exact solutions. 
Till recently, a lot of studies have considered Dundurs’ composite parameters of typical 
engineering materials. Suga et al. investigated the parameters and mechanical compatibility of 
various material joints 53). Yuuki 54) showed the variations of the parameters in the 𝛼 − 𝛽 space 
for the materials combinations among metal, ceramics, resin, and glass. Here, 𝛼 , 𝛽 denote 
Dundurs bimaterial parameters 15) defined by equation (1.3) in Chapter 1. In this study, analysis 
is carried out under plane strain assumption. Singular indexes 𝜆1
𝐴 and 𝜆2
𝐴 at the corner A can 
be calculated by solving equations (4.2a) and (4.2b), respectively 50),55). For the material 
combination Glass Fiber/Epoxy in Table 2.1, 𝛼 = 0.9071 , 𝛽 = 0.2016 ), 𝜆1
𝐴 = 0.7632 and 
𝜆2
𝐴 = 0.6218.  
The ISSF at Point A∗  in Fig. 2.2(b) was discussed in 31),51),55). It should be noted that 
equations (2.1) and (2.2) 44),55) express the singular stress at Point A∗ in Fig. 2.2(b) and also 
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Point A∗ in Fig. 2.2(a). Here, 𝐾
𝜎,𝜆1
A
A  , 𝐾
𝜎,𝜆2
A




A  and 𝐾
𝜏,𝜆2
A
A  denote ISSFs for shear stress. ISSFs 𝐾
𝜎,𝜆1
A
A  and 𝐾
𝜏,𝜆1
A
A  correspond to Mode Ⅰ 
deformation and ISSFs 𝐾
𝜎,𝜆2
A
A  and 𝐾
𝜏,𝜆2
A










































































        (2.2) 
For the singular stress field at Point A∗, the interface corner of different materials, the indexes 
of the singular stress field are different depending on the mode Ⅰ and mode Ⅱ deformation 
31). In order to determine the ISSFs, it is necessary to consider the two distinct mode Ⅰ and 
mode Ⅱ singular stress fields at the same time. The shear stress along the interface of fiber 
and matrix has been widely discussed by using the shear-lag theory 34),36),40)–42), which is simply 
based on a one-dimensional model and cannot express singular stress fields.  
At the vicinity of Point A∗, the stress distribution corresponding to Mode Ⅰ deformation is 
denoted by 𝜎
Ⅰ
𝐴 (𝑟), as shown in equation (2.3). It is proportional to 1 𝑟1−𝜆1
𝐴
⁄ . And the stress 
distribution corresponding to Mode Ⅱ deformation, denoted by 𝜎
Ⅱ
𝐴 (𝑟) , is proportional to 
1 𝑟1−𝜆2
𝐴
⁄  . These singular stress fields together determine the stress distributions along the 
interfaces near Point A∗. Each ISSF can be defined as parameters 𝐾
Ⅰ,𝜆1
A
A  and 𝐾
Ⅱ,𝜆2
A
A  as shown 









𝐴 (𝑟) = 𝜎𝑦
𝐴(𝑟1) − 𝜎𝑥
𝐴(𝑟2)
(𝑟 = 𝑟1 = 𝑟2)      (2.3) 
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𝐴 (𝑟) ∙ 𝑟1−𝜆2
𝐴
]




A  and 𝐾
𝜏,𝜆1
A
A  in equation (2.1) can be determined from the ISSF 𝐾
Ⅰ,𝜆1
𝐴
𝐴 . For 
Fig. 2.2, the ISSFs 𝐾
𝜎,𝜆1
A
A  and 𝐾
𝜏,𝜆1
A
A  are proportional to 𝐾
Ⅰ,𝜆1
𝐴
𝐴  and the ISSFs 𝐾
𝜎,𝜆2
A








The normalized stress intensity factors 𝐹
Ⅰ
∗  and 𝐹
Ⅱ
∗  can be acquired on the basis of BFM 
15),51)–55). And the definition of 𝐹
Ⅰ
∗  and 𝐹
Ⅱ
∗  of the reference problem were expressed as shown 
in equation (2.5) 51), in which 𝜎∞ = 1 is tension stress at the boundary of the infinite matrix, 




















        (2.5) 
Therefore, the normalized stress intensity factors of the fiber pull-out problem, as shown in 
Fig. 2.2(a), are defined similarly as follows:  
{
𝐹Ⅰ = 𝐾Ⅰ,𝜆1𝐴




𝐴 [(𝑃 𝐷⁄ )√𝜋(𝐷 2⁄ )1−𝜆2
𝐴
]⁄
       (2.6) 
By using the proportional method 12),25),46)–49) mentioned above, 𝐹I and 𝐹Ⅱ for the pull-out 




∗ of the reference problem. As is shown in 
equation (2.7). Here, 𝜎
Ⅰ,𝐹𝐸𝑀
𝐴 (𝑟)  and 𝜎
Ⅰ,𝐹𝐸𝑀
𝐴∗ (𝑟)  represent the stress distributions 
corresponding to Mode Ⅰ  deformation in FEM analysis as mentioned above. Similarly, 
𝜎
Ⅱ,𝐹𝐸𝑀
𝐴 (𝑟) and 𝜎
Ⅱ,𝐹𝐸𝑀
























.        (2.7) 
The Finite Element Method (FEM) has been widely used for many engineering applications 
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16)–18). Regarding fiber reinforced composite analyses, Stern et al. 19) developed a path 
independent integral formula for the computation of the intensity of the stress singularity by 
using FEM. Atkinson et al. 20), Povirk et al. 21), and Freund et al. 22) conducted fiber pullout 
simulation studies by using a circular rigid cylinder. Hann et al. 56) investigated the effect of 
contact angle, loading position and loading type in micro-bond test by using FEM. Ash et al. 57) 
investigated the effect of bead geometry and knife angle in micro-bond test via FEM. Zhang et 
al. 23) studied the effects of interfacial debonding and sliding on fracture characterization of 
unidirectional fibre-reinforced composites by using FEM. Brito-Santana et al. 58) studied 
influence of the debonding between fiber and matrix in micro scale via the FEM. FEM is widely 
used in studies in fiber reinforced composites 59)–65). Ahmed et al. 66)–70) studied sensing, low 
loss and birefringent etc. by using FEM. In this analysis software MSC Marc is used to express 
the pull-out model for Fig. 2.1 and 2.2(a), and the reference model for Fig. 2.2(b). Stress 
distributions along the interfaces (𝑟1, 𝑟2) are calculated by applying the same mesh pattern to 









A∗ (𝑟)⁄ ] can be calculated between the pull-out model and the reference model. 
This method was used in 7)–11),44),45). 
 
Fig. 2.3. FEM mesh pattern 
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As is shown in equation (2.3), 𝜎
Ⅰ,𝐹𝐸𝑀
𝐴 (𝑟) is calculated from the stress distributions 𝜎𝑦
𝐴(𝑟1) 
along the interface 𝑟1 and 𝜎𝑥
𝐴(𝑟2) along the interface 𝑟2 by using the pull-out model (Fig. 
2.2(a)). Similarly, 𝜎
Ⅰ,𝐹𝐸𝑀
𝐴∗ (𝑟) is calculated from the stress distributions 𝜎𝑦
𝐴∗(𝑟1) along the 
interface 𝑟1 and 𝜎𝑥
𝐴∗(𝑟2) along the interface 𝑟2 by using the reference model (Fig. 2.2(b)). 
Material properties for the fiber and matrix are set to be same for the reference model and pull-
out model, respectively. In other words, material properties of fiber in Fig. 2.2(b) and inclusion 
in Fig. 2.2(b) are set to be the same. 
FEM stress distributions along the interfaces near Point A∗ of different mesh size are shown 
in Tables 2.2a and b. Results of inclusion model when 𝑙𝑖𝑛 = 500μm and pull-out model when 
𝑙𝑖𝑛 = 100μm are shown as example. As shown in Table 2.2(a) 𝜎Ⅰ,𝐹𝐸𝑀
A (𝑟) is FEM stress 
distribution, corresponding to 𝜆1
𝐴 , of glass fiber/epoxy as shown in Table 2.1, when 𝑙𝑖𝑛 =
100μm in pull-out model. 𝜎
Ⅰ,𝐹𝐸𝑀
A∗ (𝑟) is FEM stress distribution, corresponding to 𝜆1
𝐴, of the 
same material combination, when 𝑙𝑖𝑛 = 500𝜇𝑚 in the reference model, whose ISSF can be 
calculated by BFM. Similarly, 𝜎
Ⅱ,𝐹𝐸𝑀
𝐴 (𝑟)  in the pull-out model and 𝜎
Ⅱ,𝐹𝐸𝑀
A∗ (𝑟)  in the 
reference model, corresponding to 𝜆2









A∗ (𝑟)⁄   are calculated from the above 
mentioned FEM stress distributions. 




𝐴 (𝑟) are different 









A∗ (𝑟)⁄  are independent of mesh size, 
and keep in converges within four significant digits. In fact, the stress at the edge of the interface 
is infinite. Therefore, the value of the stress varies greatly depending on the mesh size. From 
the data shown in Tables 2.2a and b, it is found that the stress ratio between the pull-out problem 
and the reference problem can be obtained accurately independent of the mesh size. Then the 
ISSF of pull-out problem can be obtained from the FEM stress ratio and the ISSF of reference 
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problems, as shown in equation (2.7). 
 
Table 2.2(a). FEM Stress ratio of symmetrical type with 𝜆1
𝐴 =
0.7784 when 𝑙𝑖𝑛 = 100μm in Fig. 2.2(a) and 𝑙𝑖𝑛 = 500μm in 
Fig. 2.2(b) for the material combination in Table 2.1. 
Smallest mesh size 
𝑒𝑚𝑖𝑛 = 3
−9 [mm] 































0.0 1.290 0.117 0.0 1.647 0.117 
0.5 1.038 0.117 0.5 1.328 0.117 
1.0 0.779 0.116 1.0 0.998 0.117 
1.5 0.699 0.116 1.5 0.896 0.116 
2.0 0.692 0.115 2.0 0.889 0.116 
 
Table 2.2(b). FEM stress ratio of skew-symmetrical type with 𝜆2
𝐴 =
0.6158 when 𝑙𝑖𝑛 = 100μm in Fig. 2.2(a) and 𝑙𝑖𝑛 = 500μm in 
Fig. 2.2(b) for the material combination in Table 2.1. 
Smallest mesh size 
emin = 3
−9 [mm] 































0.0 10.161 0.104 0.00 15.497 0.104 
0.5 4.279 0.104 0.5 6.524 0.104 
1.0 1.821 0.104 1.0 2.773 0.104 
1.5 2.913 0.104 1.5 4.438 0.104 
2.0 3.048 0.104 2.0 4.642 0.104 
2.3 Singular stress field and the ISSF at the fiber entry point 
The singular stress field at Point E∗ as shown in Fig. 2.2(a) is different from that of Point 
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around the corner E can be determined by solving the characteristic equation (2.8) 13),14). For 
most of the material combinations the singular indexes 𝜆𝑖
𝐸 have two real roots 𝜆1
𝐸 and 𝜆2
𝐸 




) − 𝜆2} 𝛽2 + 4𝜆2𝑠𝑖𝑛2(𝜋𝜆)𝛼𝛽 + {𝑠𝑖𝑛2 (
𝜋𝜆
2
) − 𝜆2} 𝛼2 + 4𝜆2𝑠𝑖𝑛2(𝜋𝜆)𝛽






𝑠𝑖𝑛2(𝜋𝜆)}𝛼 + 𝑠𝑖𝑛2 (
3𝜋𝜆
2
) − 𝜆2 = 0
 
(2.8) 
Here, 𝛼 and 𝛽 are defined by equation (1.3). Table 2.1 shows for the Glass/Epoxy material 
combination, 𝛼 = 0.9071 , 𝛽 = 0.2016 , 𝜆1
𝐸 = 0.6592 , 𝜆2
𝐸 = 0.9992 . Note that the singular 
index 𝜆2
𝐸 = 0.9992 for 𝐾
𝜎,𝜆2
𝐸
𝐸  is very close to 1, corresponding to almost no singularity having 
little effect on the singular stress distribution. 
The singular stress field at the vincinity of Point E∗ in Fig. 2.1 can be expressed as equation 





































        (2.9) 
As the reference solution Reciprocal work contour integral method (RWCIM) can be used 
12),26),48),71). Recently, Miyazaki et al. 12),49) proposed a technique of how to obtain two ISSFs 
corresponding to two distinct singular stress fields by applying proportional method. To apply 
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Fig. 2.4(a) and Fig. 2.4(b). Schematic illustration of Point E∗ FEM models 
 
 
Fig. 2.4(c). Schematic illustration of Point E∗ FEM models 
The model (a) has minimum elements whose size 𝑒𝑚𝑖𝑛 = 𝑒0. The FEM stress of the model 
(a) is denoted by 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑎 (𝑟3)|𝑒𝑚𝑖𝑛=𝑒0









 . Here, 𝑟3 is the distance from the corner edge Point E
∗ in Fig. 2.2(a). The model (b) 
has the same size of the model (a) but having larger minimum elements 𝑒𝑚𝑖𝑛 = 𝑛 ∙ 𝑒0 
compared to model (a). The FEM stress of model (b) is denoted by 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑏 (𝑟3)|𝑒𝑚𝑖𝑛=𝑛∙𝑒0
and 








 . The model (c) is 𝑛 times larger than 
models (a) including all elements and therefore having the same minimum mesh size of model 
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(b). The FEM stress of model (c) is denoted by 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑐 (𝑟3)|𝑒𝑚𝑖𝑛=𝑛∙𝑒0
. It can be verified that the 
stress 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑐
 at 𝑛 ∙ 𝑟0is equal to the stress 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑎









 . The FEM stress 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑎





to calculate two ISSFs 𝐾𝜎,𝜆1





















        (2.11b) 
The stress distribution 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑐 (𝑟3) at 𝑟3 = 𝑛 ∙ 𝑟0 is exactly equal to the stress 𝜎𝑥,𝐹𝐸𝑀
𝐸,𝑎 (𝑟3) at 




























𝐸      (2.12) 


































          (2.13) 
Since the mesh pattern is the same at the vicinity of Point E∗ in model (b) and model (c), the 






























         (2.14) 
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        (2.15) 
















         (2.16) 
When the simultaneous equations (2.10) and (2.16) are solved on the 𝜎𝑥,𝐹𝐸𝑀,𝜆1
𝐸,𝑎
  and 
𝜎𝑥,𝐹𝐸𝑀,𝜆2
𝐸,𝑎
, the following equations are obtained. By using this method, the stress distributions 
corresponding to the two indexes 𝜆1
𝐸, 𝜆2




















       (2.17) 
As shown in equation (2.18), if the ISSFs 𝐾𝜎,𝜆1
𝐸∗  and 𝐾𝜎,𝜆2
𝐸∗  are known in a reference problem, 





𝐸∗ (𝑟). Here, 𝜎𝐹𝐸𝑀,𝜆1
𝐸 (𝑟) and 𝜎𝐹𝐸𝑀,𝜆2
𝐸 (𝑟) are FEM stress distributions in 
the model corresponding to unknown problem, and are divided by using equation (2.17). 
Similarly, 𝜎𝐹𝐸𝑀,𝜆1
𝐸∗ (𝑟) and 𝜎𝐹𝐸𝑀,𝜆2





















          (2.18) 
Tables 2.3a and b shows FEM stress ratio 𝜎𝐹𝐸𝑀,𝜆1
𝐸 (𝑟)/𝜎𝐹𝐸𝑀,𝜆1
𝐸∗ (𝑟)  and 𝜎𝐹𝐸𝑀,𝜆2
𝐸 (𝑟)/
𝜎𝐹𝐸𝑀,𝜆2
𝐸∗ (𝑟) for Glass Fiber/Epoxy in Table 2.1 obtained by using the technique described above. 
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Here, 𝜎𝐹𝐸𝑀,𝜆1
𝐸 (𝑟)  is the value for 𝑙𝑖𝑛 = 100μm  and 𝜎𝐹𝐸𝑀,𝜆2
𝐸∗ (𝑟) is the value for  𝑙𝑖𝑛 =
200μm. In Table 2.3(a), the stress ratio is independent of the mesh size and coincides with the 
results of RWCIM. In Table 2.3(b), however, the stress ratio varies by about 10% error. This is 
because the singular index 𝜆2
𝐸 = 0.9992 ≈ 1 . Since 𝜆2
𝐸 ≈ 1 means almost no singularity 












⁄  in equation (2.9), the singular stress is 
mainly controlled only by 𝐾
𝜎,𝜆1
𝐸
𝐸  and 𝐾
𝜏,𝜆1
𝐸
𝐸  44),45). The RWCIM can be used to obtain the 
reference values although a large calculation time is necessary for the integral path. The 
proportional method can be conveniently focusing on the singular point to calculate the ISSFs 
by varying the fiber dimensions.  
Table 2.3(a). FEM stress ratio of the first term with 𝜆1
𝐸 = 0.6592 when 
𝑙𝑖𝑛 = 100μm and 𝑙𝑖𝑛 = 200μm in Fig. 2.1 (a) for the material 
combination in Table 2.1. 
Smallest mesh size 
𝑒𝑚𝑖𝑛 = 3
−9 𝐷 































0.0 13.022 1.34 0.0 9.114 1.34 
1.34 
0.5 11.102 1.34 0.5 7.770 1.34 
1.0 8.131 1.34 1.0 5.691 1.34 
1.5 6.775 1.34 1.5 4.742 1.34 
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Table 2.3(b). FEM stress ratio of the second term with 𝜆2
𝐸 = 0.9992 
when 𝑙𝑖𝑛 = 100μm and 𝑙𝑖𝑛 = 200μm in Fig. 2.1(a) for the material 
combination in Table 2.1. 
Smallest mesh size 
emin = 3
−9 𝐷 





























0.0 -0.010 0.873 0.00 -0.011 0.932 
0.970 
0.5 -0.016 0.866 0.5 -0.016 0.908 
1.0 -0.016 0.868 1.0 -0.017 0.923 
1.5 -0.016 0.875 1.5 -0.017 0.923 
2.0 -0.016 0.879 2.0 -0.016 0.926 
2.4. Results and discussion. 
In short fiber reinforced composites most fibers’ aspect ratios are close to 𝑙 𝐷⁄ = 30 52). In 
this study, assume the fiber width 𝐷 = 20 μm and the total fiber length 𝑙 = 600 μm. If half 
of the fiber length is embedded in the matrix, as shown in Fig. 2.2(a), the fiber embedded length 
is about 𝑙𝑖𝑛 = 300 μm. 
2.4.1 ISSF at Point 𝐀∗ 
As shown in Table 2.4 for glass fiber/epoxy, mode Ⅰ  ISSF 𝐾
𝜎,𝜆1
A
A = 0.0767 at 𝑙𝑖𝑛 =
300 μm is 36.1% smaller than 𝐾
𝜎,𝜆1
A




A = 0.139 at 𝑙𝑖𝑛 = 300 μm is 32.8% smaller than 𝐾𝜎,𝜆2A
A = 0.207 at 𝑙𝑖𝑛 = 150 μm . As 
shown in Fig. 2.5 and Table 2.4, the ISSFs 𝐾
𝜏,𝜆1
A
A  and 𝐾
𝜏, 𝜆2
A




A  and 𝐾
𝜎,𝜆2
A
A  for glass fiber/epoxy. Therefore, the ISSFs 𝐾
𝜎,𝜆1
A
A  and 𝐾
𝜎,𝜆2
A
A  will 
be mainly discussed. 
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A  in Fig. 2.1 for the 






















[MPa ∙ m1−0.6218] 
50 0.220 0.343 0.128 0.175 
100 0.152 0.258 0.0885 0.131 
150 0.120 0.207 0.0696 0.106 
200 0.101 0.177 0.0585 0.0905 
250 0.0873 0.156 0.0507 0.0796 
300 0.0767 0.139 0.0445 0.0706 
350 0.0689 0.126 0.0400 0.0641 
400 0.0627 0.115 0.0364 0.0587 
450 0.0571 0.106 0.0332 0.0538 
500 0.0528 0.0980 0.0307 0.0500 
1000 0.0296 0.0565 0.0172 0.0288 
 
Chapter 2 
Mechanical Engineering Dept.  26 Kyushu Institute of Technology 
 
Fig. 2.5. ISSFs at Point A∗ vs. embedding length for Glass Fiber/Epoxy 
2.4.2 ISSF at Point 𝐄∗ 
Table 2.5 and Fig. 2.6 show the ISSFs for glass fiber/epoxy. The ISSF at Point E∗ decreases 
with increasing 𝑙𝑖𝑛 . Regarding the first term 𝐾𝜎,𝜆1E




E =0.339 at 𝑙𝑖𝑛 = 300 μm is 12.9% smaller than 𝐾𝜎,𝜆1E
E =0.389 at 𝑙𝑖𝑛 = 150 μm. The 
ISSF decreasing rate at Point E∗ becomes smaller than that at Point A∗ especially when 𝑙𝑖𝑛is 
large. Since the ISSF 𝐾
𝜏,𝜆1
E
E  is 60% smaller than the ISSF 𝐾
𝜎,𝜆1
E




E . is discussed in the next section. 
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E  in Fig. 2.1 






E  [MPa ∙ m1−0.6591] 𝐾
𝜏,𝜆1
E
E  [MPa ∙ m1−0.6591] 
50 0.530 0.197 
100 0.433 0.161 
150 0.389 0.144 
200 0.364 0.135 
250 0.349 0.130 
300 0.339 0.126 
350 0.332 0.123 
400 0.326 0.121 
450 0.322 0.120 
500 0.319 0.119 
1000 0.312 0.116 
 
Fig. 2.6. ISSFs at Point E∗ vs. embedding length for Glass Fiber/Epoxy 
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2.4.3 Comparison between Point 𝐀∗ and Point 𝐄∗ 
When the single embedded fiber is under pull-out force, singular stress fields should be 
compared at Point A∗ and Point E∗ . However, those singular stress fields are different in 
properties, it is not possible to compare those two ISSFs directly. Therefore, the normal stress 
distributions along the interfaces between the fiber and matrix are focused. The shear-lag theory 
40)–42) has been widely used to discussed stress distribution, but is not enough for discuss the 
singular stress fields. This is because the shear-lag theory is based on a simple one-dimensional 
approximation of the fiber. 
 
Fig. 2.7. Stress distributions when 𝑙𝑖𝑛 = 100 μm for Glass Fiber/Epoxy in Table 2.1 
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Fig. 2.8. Stress distributions when 𝑙𝑖𝑛 = 1000 μm for Glass Fiber/Epoxy in Table 2.1 
The comparison of stress distributions along the interfaces are shown in Fig. 2.7 and Fig. 2.8, 
that is, 𝜎𝑦
A(𝑟1) along 𝑟1  ，𝜎𝑥
A(𝑟2) along 𝑟2 around Point A
∗ in Fig. 2.1 and 𝜎𝑥
E(𝑟3) along 
𝑟3 around Point E
∗. Equations used in Fig. 2.7 are equations (2.1), (2.2) 31) and (2.9) 32),33), as 
shown in Fig. 2.1. Since compressive stress 𝜎𝑥
A(𝑟2) does not cause the debonding directly, 
𝜎𝑦
A(𝑟1) and 𝜎𝑥
E(𝑟3) are mainly compared in the following discussion. As shown in Fig. 2.7 for 
glass fiber/epoxy when 𝑙𝑖𝑛 = 100 μm, since the stress 𝜎𝑦
A(𝑟1) at Point A
∗ is larger than the 
stress 𝜎𝑥
E(𝑟3) at Point E
∗, debonding may occur at Point A∗ earlier. On the other hand, when 
𝑙𝑖𝑛 = 1000 μm in Fig. 2.8, since the stress 𝜎𝑦
E(𝑟3) at Point E
∗ is larger than the stress 𝜎𝑦
A(𝑟1) 
at Point A∗, debonding may occur earlier at Point E∗. 
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Fig. 2.9. Stress at  𝑟 = 1μm of different embedding length for Glass Fiber/Epoxy  
Fig. 2.9 shows the comparison of stress 𝜎𝑦
A(𝑟1) at 𝑟1 = 1μm close to Point A
∗ and the 
stress 𝜎𝑥
E(𝑟3) at 𝑟3 = 1μm close to Point E
∗ by varying 𝑙𝑖𝑛 .The fixed position 𝑟1 = 𝑟3 =
1μm is selected because the singular stress having different singular indexes. In Fig. 2.9 when 
𝑙𝑖𝑛 = 125μm, the severity at Point A
∗ and Point E∗ is almost the same for glass fiber/epoxy 
based on the assumption 𝜎𝑦
A(𝑟1)|r1=1μm = 𝜎𝑥
E(𝑟3)|𝑟3=1μm. If the stress at different position 
𝑟1 = 𝑟3 ≠ 1μm  is used, for example, if the stresses at 𝑟1 = 𝑟3 = 2μm  are compared, the 
severities are almost the same when 𝑙𝑖𝑛 = 160μm at Point A
∗ and Point E∗.  
2.5. Conclusions 
In this chapter, a partially-embedded single-fiber under pull-out force was considered 
focusing on two distinct singular stress fields appearing at fiber end and entry points. To 
compare the severities, singular stress distributions were obtained analytically along the 
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interfaces along the fiber end and along the fiber entry interface. Then, the following 
conclusions were obtained. 






A   decrease with 
increasing the fiber embedded length 𝑙𝑖𝑛. Under fixed fiber length 𝑙 = 600 μm, the ISSFs at 
𝑙𝑖𝑛 = (1/2)𝑙 is about 40% smaller than the ISSFs at 𝑙𝑖𝑛 = (1/4)𝑙 for glass fiber/epoxy. 






E  at the fiber entry point decrease with increasing 
the fiber embedded length 𝑙𝑖𝑛. For example, the ISSFs at 𝑙𝑖𝑛 = (1/2)𝑙 is about 10% smaller 
than the ISSFs at 𝑙𝑖𝑛 = (1/4)𝑙 for glass fiber/epoxy. The ISSF decreasing rate at Point E
∗ 
becomes smaller than that at Point A∗ especially when 𝑙𝑖𝑛 is large.  
(3) The severities were compared at the fiber end and fiber entry point by focusing on the 
stress jut 1μm  away from the singular point by  varying 𝑙𝑖𝑛  (see Fig. 2.9). For glass 
fiber/epoxy, the severities at the fiber end and fiber entry Point A∗ are almost the same when 
𝑙𝑖𝑛 = 125μm. For shorter embedded length, the buried fiber end becomes more dangerous. 
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Chapter 3 Intensity of Singular Stress Field in Micro-bond Test. 
3.1 Introduction 
 
Fig. 3.1. Modelling of micro-bond test of a fiber with 𝐷 = 20μm and 𝑃 𝐷⁄ =
1 [𝑁 ∙ 𝑚𝑚−1] 
Fig. 3.1 shows a micro-bond test commonly used to investigate fiber/matrix bonding 
behavior. The green part represents the fiber and the grey portion represents matrix. Point E 
denotes the fiber entry point closer to the load and constraints; Point A denotes the fiber exit 
point. Notation 𝑙𝑏 denotes the axial length of the bonded area from Point A to Point E before 
applying load 𝑃. Here, the dark portion means constraints. Notation 𝑙𝑔 denotes the knife gap 
opening, that is, the horizontal distance from the constraint knife tip to the fiber surface 
assuming the symmetry on both sides. Fig. 3.2 shows the single fiber pull-out test treated in the 
previous paper 44),72) whose ISSF will be compared to Fig. 3.1.  
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Fig. 3.2. Modelling of pull-out test with 𝐷 = 20μm and 𝑃 𝐷⁄ = 1 [𝑁 ∙ 𝑚𝑚−1] 72) 
The micro-bond test in Fig. 3.1 can be used more conveniently than the pull-out test in Fig. 
3.2 where large matrix region should be prepared by molding during the cure procedure [2,35]. 
This is the reason why most of the previous experiments employed the micro-bond test instead 
of the pull-out test 36). In the micro-bond test, the experimental results are strongly affected by 
the equipment geometries. Under the same fiber/matrix combination, the experimental results 
of in micro-bond test in Fig. 3.1 is quite different from that in pull-out test in Fig. 3.2. The 
difference can be characterized by the ISSFs controlling the fiber/matrix interface initial 
debonding. 
In this paper, therefore, the ISSF of the micro-bond test will be analyzed at the fiber entry/exit 
points. Then, the results will be compared with the ISSF of the pull-out test [33,34] to clarify 
the difference between the two popular testing methods. The effects of major geometries such 
as bond length 𝑙𝑏 and knife gap opening 𝑙𝑔 on the ISSFs in micro-bond test will be also 
clarified to establish the most suitable testing conditions. In the previous micro-bond tests, very 
small knife gap opening 𝑙𝑔 was used without considering the singular stress. The final goal of 
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3.2. Modelling to analyze intensity of singular stress filed (ISSF)  
3.2.1 Modelling of micro-bond test in contrast to fiber pull-out test 
Fig. 3.1 illustrates the modelling of the micro-bond test to calculate the ISSF. In contrast, Fig. 
3.2 illustrates the modelling of the fiber pull-out test whose detail is indicated in the previous 
paper [33]. As shown in Fig. 3.1 and Fig. 3.2, a similar rectangular shaped fiber is assumed. A 
smaller rectangular shaped region is assumed for the droplet in Fig. 3.1 in contrast to a larger 
rectangular shaped region for the matrix in Fig. 3.2. In real micro-bond test, the resin droplet is 
an irregular sphere shape restrained by the knife-edge. Although the contact angle in micro-
bond test is usually 𝜃𝑐 = 𝜋 6⁄ ~𝜋 4⁄  
35) in Fig. 3.1, in this simulation the contact angle 𝜃𝑐 =
𝜋 2⁄  is assumed to compare with the ISSFs under the pull-out test in Fig. 3.2. Under this 
assumption, the singular index is the same at Point E and Point E∗. In both models in Fig. 3.1 
and Fig. 3.2, perfectly bonded interface is assumed between the resin and the fiber with zero 
interface thickness. In other words, the material properties around the interface vary in a 
stepwise manner. Notations 𝐸𝐹 , 𝜈𝐹 , 𝐸𝑀 , 𝜈𝑀 represent the Young’s modulus and Poisson’s 
ratio of fiber and matrix, respectively. Notation 𝐷 denotes the diameter of the fiber, which is 
the width of the fiber in the present 2D modelling. A uniform tensile stress is distributed at the 
end of the fiber, and the total force is 𝑃. In other words, 𝑃 𝐷⁄ = 1 [𝑁 ∙ 𝑚𝑚−1] is normalized 
to analysis the ISSF. The rectangular shaped droplet is assumed as shown in Fig. 3.1 with the 
large width of the droplet in the x-direction as 𝑙𝑏 2⁄  on each side. In other words, in this study, 
the 2D square shape of the droplet is assumed. Usually, the bonded area 𝑙𝑏 ≤ 250μm is used 
in the previous micro-bond experiments 34),35),56),57),73)–75).  
In this study, the ISSF in Fig. 3.1 is mainly discussed by varying 𝑙𝑏 and 𝑙𝑔 under plane 
strain. In the Cartesian x- and y-coordinates shown in Fig. 3.1 and Fig. 3.2, the y-direction 
corresponds to the axial direction of the fiber, and the x-direction corresponds to the radial 
direction of the fiber. Notation 𝑟𝑖 , (𝑖 = A, E, E
∗) , denotes the distance from Point 𝑖 , 
(𝑖 = A, E, E∗) in the y direction and 𝑟𝑖 = 0 means Point 𝑖. It should be noted that shear-lag 
theory is widely used for considering shear stress distributions along fiber interface 40)–42). 
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However, this theory is simply based on one dimensional assumption of the fiber and cannot 
express the ISSF. For example, although experiment results of the IFSS is proportional to the 
bonded length, the real ISSF at the entry point is not proportional to the bonded length 44),72). In 
this analysis software MSC Marc is used to analyze the micro-bond model in Fig. 3.1. 
3.2.2 Singular stress field at the fiber entry/exit points 
The normal singular stress, which may cause debonding at the entry point, can be expressed 














, (𝑖 = A, E, E∗)      (3.1) 
Here 𝜆1 and 𝜆2 are singular indexes, which can be calculated by solving the following 
characteristic equations 13),14). Singular indexes at Point E in Fig. 3.1 and Point E∗ in Fig. 3.2 
are same, but singular indexes at Point A in Fig. 3.1 and Point A∗ in Fig. 3.2 are different. In 
micro-bond test, Point A and Point E have same singular indexes. Therefore, the ISSFs at Point 




















   (3.2) 
Here, 𝛼 , 𝛽  denote bi-material parameters of Dundurs 15), and 𝐺𝐹  and 𝐺𝑀  are shear 
modulus, which can be transformed from Young’s modulus 𝐸𝐹, 𝐸𝑀 and Poisson’s ratios 𝜈𝐹, 
𝜈𝑀. Subscripts M, F represent the matrix and the reinforcing fiber, respectively. In this study, 
analysis is carried out under plane strain. 
  𝛼 =
𝐺𝐹(𝜅𝑀+1)−𝐺𝑀(𝜅𝐹+1)
𝐺𝐹(𝜅𝑀+1)+𝐺𝑀(𝜅𝐹+1)
,      𝛽 =
𝐺𝐹(𝜅𝑀−1)−𝐺𝑀(𝜅𝐹−1)
𝐺𝐹(𝜅𝑀+1)+𝐺𝑀(𝜅𝐹+1)
             
𝜅𝑖 = {
(3 − 𝜈𝑖) (1 + 𝜈𝑖)⁄      (𝑃𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑒𝑠𝑠)
(3 − 4𝜈𝑖)                     (𝑃𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑎𝑖𝑛)
(𝑖 = 𝑀, 𝐹)     
(3.3) 
For the material combination as shown in Table 3.1, 𝛼 = 0.9071 , 𝛽 = 0.2016 , 𝜆1 =
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0.6592, 𝜆2 = 0.9992. Here, 𝜆2 is close to 1, which means that equation (3.1) can be written 




















, (𝑖 = A, E, E∗)      (3.4) 
 
Table 3.1. Mechanical properties of Glass fiber/Epoxy 





Young’s Modulus (GPa) 75 3.3 
Poisson’s Ratio 0.17 0.35 
Dundurs’ Parameter 
𝛼 = 0.9071 
𝛽 = 0.2016 
Singular Index 
𝜆1 = 0.6592 
𝜆2 = 0.9992 
Here, 𝐾𝜎,𝜆1
𝑖  and 𝐾𝜎,𝜆2
𝑖  denote ISSFs for the normal stress at the vicinity of Point 𝑖 on the 
interface 𝑟𝑖 (𝑖 = A, E, E
∗) . As the 𝜆2 for most material in reality is close to 1 under this 
geometry 76), the second term 𝐾𝜎,𝜆2
𝑖  can be omitted, ISSF 𝐾𝜎
𝑖  in this study can be expressed 
by 𝐾𝜎,𝜆1
𝑖  corresponding with 𝜆1. Definition of 𝐾𝜎







1−𝜆1], (𝑖 = A, E, E∗)     (3.5) 
 
3.2.3 Proportional method by using FEM 
Finite element method (FEM) analysis should be well conducted and may require experience 
and skills for engineering applications 16)–24). In this analysis, a mesh independent proportional 
method is used to calculate the ISSF 𝐾𝜎
𝑖  defined in equation (3.5). Since 𝜆2 is close to 1, the 
second term can be omitted, the ISSF can be calculated from the ratio of FEM stress 
𝜎𝑥,𝑖











, (𝑖, 𝑗 = A, E, E∗)      (3.6) 
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Table 3.2 shows the FEM stress 𝜎𝑥,𝐹𝐸𝑀
𝐸 (𝑟𝐸)  near Point E and the FEM stress ratio 
𝜎𝑥,𝐹𝐸𝑀
𝐸 (𝑟𝐸) 𝜎𝑥,𝐹𝐸𝑀
𝐴 (𝑟𝐴)⁄  . Although 𝜎𝑥,𝐹𝐸𝑀
𝐸 (𝑟𝐸) varies depending on the FEM mesh size, the 
FEM stress ratio 𝜎𝑥,𝐹𝐸𝑀
𝐸 (𝑟𝐸) 𝜎𝑥,𝐹𝐸𝑀
𝐴 (𝑟𝐴)⁄  is almost the same independent of mesh size. This is 
because the same mesh pattern is applied to the singular stress region to cancel the FEM error. 
The FEM stress ratio in Table 3.2 can be regarded as the real stress ratio although the FEM 
stress cannot express the real singular stress. Since the stress ratio can be obtained accurately 
in Table 3.2, the ISSF can be obtained from the ISSF of reference solutions with the ratio as 
shown in equation (3.6). The ISSF of the pull-out test in Fig. 3.2 can be used as the reference 
solutions whose FEM modelling is indicated in the Chapter 2 44),72). In Appendix 3.B, an 
example of the FEM mesh of micro-bond test is indicated in Fig. 3.B.1. It should be noted that 
the FEM stress  𝜎𝑥,𝐹𝐸𝑀
𝑖 (𝑟𝑖)  indicated in Table 3.2 is mainly controlled by the minimum 
element size 𝑒𝑚𝑖𝑛 around the singular point. 
 
Table 3.2. FEM Stress ratio with 𝜆1
𝑖 = 0.6592 when 𝑙𝑏 = 100μm 
and 𝑙𝑔 = 20μm between Point E and Point A in Fig. 3.1 for the 
material combination in Table 3.1. 
Smallest mesh size 
𝑒𝑚𝑖𝑛 = 3
−9𝐷 

























0.0 1.211 -1.376 0.0 1.724 -1.371 
0.5 1.033 -1.371 0.5 1.469 -1.368 
1.0 0.756 -1.365 1.0 1.075 -1.366 
1.5 0.630 -1.359 1.5 0.896 -1.364 
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3.3. Results and Discussion 
3.3.1 Bond length 𝒍𝒃 effect on ISSF in micro-bond test 
Fig. 3.3 and Table 3.3 indicate the ISSF 𝐾𝜎
𝐸 at the entry point and the ISSF 𝐾𝜎
𝐴 of the exit 
point in comparison with the ISSF 𝐾𝜎
𝐸∗ of the pull-out test in Fig. 3.2 at the entry point by 
varying the bond length 𝑙𝑏. Here, other dimensions are fixed as knife gap opening 𝑙𝑔 = 20μm, 




𝐸∗ decrease with increasing 𝑙𝑏 . As shown in the interface stress 
distribution in Appendix B, the tensile stress appears near the entry Point E and the compressive 
stress appears near the exit Point A. From Fig. 3.3 and Table 3.3, no matter how the 𝑙𝑏 changes, 
the entry Point E in micro-bond test is more severe for debonding. 
In the pull-out test, a similar tensile ISSF appears the entry point E∗ as shown in Fig. 3.3 
and also a similar compressive ISSF appears near the end Point A∗ in Fig. 3.2. The ISSFs at 
Point E and Point E∗ decrease in a similar way by increasing 𝑙𝑏. 
 
Fig. 3.3. ISSF variations 𝐾𝜎
𝐴, 𝐾𝜎
𝐸, 𝐾𝜎
𝐸∗ by varying 𝑙𝑏when 𝑙𝑔 = 20μm in micro-bond test 
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Table 3.3. ISSF variations 𝐾𝜎
𝐴, 𝐾𝜎
𝐸, 𝐾𝜎
𝐸∗ [𝑀𝑃𝑎 ∙ 𝑚1−0.6592] by varying 𝑙𝑏when 𝑙𝑔 =
20μm in micro-bond test, ( ): ISSF ratio variations 𝐾𝜎
𝐴 𝐾𝜎
𝐸⁄  and 𝐾𝜎
𝐸∗ 𝐾𝜎






































To clarify the relation between 𝐾𝜎
𝐸 at Point E in micro-bond test and 𝐾𝜎
𝐸∗ at Point E∗ in 
pull-out test, Table 3.3 and Fig. 3.4 shows ISSF ratios −𝐾𝜎
𝐴 𝐾𝜎
𝐸⁄  and 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄ . As shown in 
Table 3.3 and Fig. 3.4, the ratio −𝐾𝜎
𝐴 𝐾𝜎
𝐸⁄  decreases significantly with increasing 𝑙𝑏. Instead, 
the ratio 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄  is almost constant as 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄ ≅ 0.75. In other words, the ISSF at Point E 
in micro-bond test is about 1.5 times of that at Point E∗ in pull-out test. As, pull-out is relatively 
complex compared to the micro-bond test. The pull-out test require large size of the matrix and 
a complex cure procedure 35),39). While the micro-bond test is relatively simpler and easier 
compared to the pull-out test. Besides, there is more experiment study of micro-bond tests 
available. From the ISSF results, the micro-bond test and pull-out test are almost proportional 
under idealized situation. Therefore, the results of the pull-out test can be predicted by the 
results of micro-bond test of same material and fiber geometry. 
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Fig. 3.4. ISSF ratio variations by varying 𝑙𝑏when 𝑙𝑔 = 20μm  
3.3.2 Effect of knife gap opening 𝒍𝒈 on ISSF in micro-bond test 
Table 3.4 and Fig. 3.5 illustrate the ISSF 𝐾𝜎
𝐸 by varying knife gap opening 𝑙𝑔 assuming 
the droplet dimensions 𝑙𝑏 = 100μm, 200μm, 400μm. The result 𝑙𝑏 = 100μm can be shown 
in the range 𝑙𝑔 ≤ 40μm because larger 𝑙𝑔 > 40μm cannot support the smaller droplet size 
𝑙𝑏 = 100μm. In the previous experiment 
34),35),56),57),73)–75), the bonded length 𝑙𝑏, which is nearly 
equal to the droplet size, was in the range 𝑙𝑏 = 50μm~400μm in most cases. 
In Fig. 3.5, when 𝑙𝑔 ≤ 10μm, the ISSF 𝐾𝜎
𝐸 increases significantly with decreasing the 
knife gap opening 𝑙𝑔 . In other words, when 𝑙𝑔 ≤ 10μm,  the ISSF 𝐾𝜎
𝐸  is sensitive to 𝑙𝑔 
although when 𝑙𝑔 ≥ 10μm, the ISSF 𝐾𝜎
𝐸 is nearly independent of 𝑙𝑔. When 𝑙𝑏 = 100μm, the 
ISSF increases slightly with increasing 𝑙𝑔 because of the bend deformation of the small size 
droplet 𝑙𝑏 = 100μm. Since many previous tests were conducted under 𝑙𝑔 ≤ 10μm 
77)–79), the 
initial debonding condition varies depending on 𝑙𝑔  whose slight change affects the ISSF. 
Therefore, as a conclusion, the micro-bond testing geometry 𝑙𝑔 ≥ 10μm is recommended 
since the ISSF 𝐾𝜎
𝐸 becomes almost constant as shown in Fig. 3.5. In the experiments, no 
droplet fracture should be confirmed instead of the interface debonding since the sphered 
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droplet shape is deformed due to the knife edge support. 
 
Fig. 3.5. ISSF variation 𝐾𝜎
𝐸 by varying 𝑙𝑔when 𝑙𝑏 = 100μm, 200μm, 400μm 
  
Chapter 3 
Mechanical Engineering Dept.  42 Kyushu Institute of Technology 
3.3.3 Resin deformation and fiber elongation in micro-bond test 
To understand the geometrical effect in micro-bond test, the matrix surface deformation is 
studied in this section. Fig. 3.6 illustrates the displacement 𝑢𝑦
𝐸(𝑥)  when 𝑃 = 1MPa ×
0.02mm× 1mm = 0.02N , 𝑙𝑏 = 100μm and  𝑙𝑏 = 400μm using the cartesian coordinate 
system in Fig. 3.6 where the x-axis is the distance from Point E ( 𝑥 = 0) until the knife edge 
( 𝑥 = 𝑙𝑔). At the knife edge 𝑥 ≥ 𝑙𝑔, the displacement in the y-direction is constrained with no 
shear stress as 𝑢𝑦 = 0 , 𝜏𝑥𝑦 = 0 . The deformation when 𝑙𝑏 = 400μm is relatively smaller 
than the deformation when 𝑙𝑏 = 100μm.  
Table 3.5 shows displacement 𝑢𝑦
𝐸(0) at the entry Point E, displacement 𝑢𝑦
𝐴(0) at the exit 
Point A, and fiber elongation 𝑢𝑦
𝐸(0) − 𝑢𝑦
𝐴(0). Table 3.5 also shows the contact angle change 
defined as ∆𝜃𝐶 = 𝑡𝑎𝑛
−1[𝑑𝑢𝑦
𝐸(0) 𝑑𝑥⁄ ] at Point E. Fig. 3.7 shows 𝑢𝑦
𝐸(0) and 𝑢𝑦
𝐴(0) both of 
which increase with increasing 𝑙𝑔 although Table 3.5 shows 𝐾𝜎
𝐸   decreases with increasing 
𝑙𝑔. Since the ratio 𝑢𝑦
𝐸(0) 𝐾𝜎
𝐸⁄  is not constant as shown in Table 3.5, 𝑢𝑦
𝐸(0)  is not controlled 
by the ISSF 𝐾𝜎
𝐸 . Instead, as shown in Table 3.5 and Fig. 3.8, the ratio 𝐾𝜎
𝐸 ∆𝜃𝐶⁄  is almost 
constant, and therefore, 𝐾𝜎
𝐸 is almost controlled by ∆𝜃𝐶. 
Table 3.4. ISSF variation 𝐾𝜎
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Fig. 3.6. Fiber deformation at the unrestrained surface by varying knife gap opening 𝑙𝑔 
for 𝑙𝑏 = 100μm and 𝑙𝑏 = 400μm 
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The reason why the ISSF 𝐾𝜎
𝐸  becomes larger as 𝑙𝑔 → 0 in Fig. 3.5 can be explained from 





]. When the knife edge gap 






becomes larger as shown in Table 3.5 and Fig. 3.6. This is because the fiber is pulled-out under 
Table 3.5a. Fiber deformation when 𝑙𝑏 = 100μm 
Knife gap opening 
𝑙𝑔 (μm) 
1 5 10 20 40 80 
 
𝐾𝜎













0.0082 0.0133 0.0161 0.0190 0.0211 − 







22.9° 13.3° 11.2° 10.2° 10.5° − 
𝑢𝑦
𝐸(0) 𝐾𝜎
𝐸⁄  0.0452 0.1240 0.1945 0.3013 0.4636 − 
𝐾𝜎
𝐸 ∆𝜃𝐶⁄  0.0652 0.0632 0.0625 0.0625 0.0625 − 
Table 3.5b. Fiber deformation when 𝑙𝑏 = 400μm 
Knife gap opening 
𝑙𝑔 (μm) 
1 5 10 20 40 80 
 
𝐾𝜎













0.0226 0.0326 0.0393 0.0473 0.0570 0.0675 







19.8° 10.8° 8.6° 7.2° 6.5° 6.2° 
𝑢𝑦
𝐸(0) 𝐾𝜎
𝐸⁄  0.0430 0.1144 0.1744 0.2545 0.3598 0.4906 
𝐾𝜎
𝐸 ∆𝜃𝐶⁄  0.0674 0.0667 0.0672 0.0682 0.0700 0.0740 
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the small knife gap opening 𝑙𝑔 → 0 (see Fig. 6, for example, when 𝑙𝑔 = 1μm). Some previous 
experimental studies suggested that the knife edge gap 𝑙𝑔 should be as small as possible 
77)–79). 
To obtain the general results independent of 𝑙𝑔, however, a certain gap should be kept in micro-
bond test in Fig. 3.1. 
 
Fig. 3.7. Surface displacement 𝑢𝑦
𝐸(0) and 𝑢𝑦
𝐴(0) by varying knife gap opening 𝑙𝑔 
when 𝑙𝑏 = 100𝜇𝑚 and 𝑙𝑏 = 400𝜇𝑚. 
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Fig. 3.8. ISSF ratio 𝐾𝜎
𝐸/∆𝜃𝐶  is almost constant independent of 𝑙𝑔 
3.3.4 Effect of knife edge friction on ISSF in micro-bond test 
In the above discussion, no friction condition 𝜇 = 0 is assumed by applying 𝑢𝑦 = 0, 𝜏𝑥𝑦 =
0 along the knife edge shown in black in Fig. 3.1. In real micro-bond test, however, the knife 
edge restrains the y-displacement as 𝑢𝑦 = 0 with a certain frictional stress as 𝜏𝑥𝑦 ≠ 0. Since 
the friction coefficient 𝜇 is unknown, in this section, along the knife edge, assume another 
condition 𝑢𝑦 = 0, 𝑢𝑥 = 0, which is corresponding to 𝜇 → ∞ along the knife edge. Fig. 3.9 
compares the two different boundary conditions under the fixed dimensions 𝐷 = 20μm and 
𝑙𝑏 = 400μm. The solid line represents the ISSF 𝐾𝜎
𝐸 when the droplet is supported as 𝑢𝑦 = 0, 
𝜏𝑥𝑦 = 0 by the knife edge. And the dashed line represents the ISSF 𝐾𝜎
𝐸 when the droplet is 
supported as 𝑢𝑦 = 0 , 𝑢𝑥 = 0 . The ISSF of real experiment with friction can be plotted 
between those two lines expressing extreme cases. Since the ISSF 𝐾𝜎
𝐸 under 𝑢𝑦 = 0, 𝜏𝑥𝑦 =
0 is the most severe, this boundary condition is adopted in this study. 
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Fig. 3.9. Effect of friction on the knife edge on the ISSF in micro-bond test by 
comparing 𝜇 = 0 (𝑢𝑦 = 0, 𝜏𝑥𝑦 = 0) and 𝜇 → ∞ (𝑢𝑦 = 0, 𝑢𝑥 = 0) 
3.4. Conclusions 
Micro-bond test has been used to investigate fiber/matrix bonding behavior without 
considering the singular stress. This paper newly analyzed the intensity of singular stress field 
(ISSF) at the fiber entry point under tension and the ISSF at the fiber exit point under 
compression. The results showed that no matter how the fiber bond length 𝑙𝑏 changes, the fiber 
entry point is more dangerous in micro-bond test. Instead, in a fiber pull-out test, the fiber end 
point can be more dangerous if the embedded length is shorter. The ISSF at the entry point in 
micro-bond test is about 1.5 times of the ISSF of pull-out test at the entry point under the same 
geometries 𝐷 and 𝑙𝑏. By using this knowledge, the ISSFs of pull-out test can be predicted from 
micro-bond test. Care should be taken for the small knife gap opening 𝑙𝑔 ≤ 10μm popularly 
used in micro-bond testing because the ISSF 𝐾𝜎
𝐸 is sensitive to 𝑙𝑔. Instead, testing geometry 
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𝑙𝑔 ≥ 10μm can be recommended since the ISSF 𝐾𝜎
𝐸 is nearly independent of 𝑙𝑔. 
Appendix 3.A: Modelling of a single fiber pull-out embedded in a semi-infinite region. 
Fig. 3.2 shows the pull-out test of a single fiber partially embedded in a semi-infinite resin 
matrix region studied in the previous paper [33, 34]. Here, Point A∗ denotes the fiber end, and 
Point E∗ denotes the fiber/surface entry point. Notation 𝑙𝑏 denotes the axial bonded length 
from the end Point A∗ to the entry Point E∗ before applying load 𝑃. Notation 𝑙𝑀 denote the 
size of the matrix. ISSF at Point A∗ and Point E∗ in pull-out model were discussed. Point E∗ 
is more severe than Point A∗, if 𝑙𝑏 is large enough. A two-dimensional rectangular shaped 
fiber was considered in the matrix whose size 𝑙𝑀 in Fig. 3.2 is set as 𝑙𝑀 = 4000𝐷 
72). Table 
3.A.1 shows the stress 𝜎𝑥,𝐹𝐸𝑀
𝐸∗ (𝑟𝐸∗) near Point E
∗ in Fig. 3.2 by varying the matrix size 𝑙𝑀. 
It is seen that 𝑙𝑀 = 4000𝐷 is large enough to express the semi-infinite region since the stress 
𝜎𝑥,𝐹𝐸𝑀
𝐸∗ (𝑟𝐸∗) is the same when 𝑙𝑀 ≥ 4000𝐷. 
Table 3.A.1 FEM Stress 𝜎𝑥,𝐹𝐸𝑀
𝐸∗ (𝑟𝐸∗) [MPa] in Fig. 3.2. 
𝑙𝑀 2000𝐷 4000𝐷 6000𝐷 
𝑟𝐸∗ 𝑒𝑚𝑖𝑛⁄ = 0.0 0.763  0.771  0.771  
𝑟𝐸∗ 𝑒𝑚𝑖𝑛⁄ = 0.5 0.651  0.658  0.658  
𝑟𝐸∗ 𝑒𝑚𝑖𝑛⁄ = 1.0 0.477  0.482  0.482  
𝑟𝐸∗ 𝑒𝑚𝑖𝑛⁄ = 1.5 0.397  0.401  0.401  
𝑟𝐸∗ 𝑒𝑚𝑖𝑛⁄ = 2.0 0.374   0.378  0.378  
  
Appendix 3.B: An example of FEM mesh and stress distributions for the micro-bond test. 
Fig. 3.B.1 shows an example of FEM mesh. Smaller mesh is applied at the interface corner. 
The minimum element size 𝑒𝑚𝑖𝑛 = 3
−9𝐷 and 𝑒𝑚𝑖𝑛 = 3
−10𝐷 are chosen confirming the mesh 
independency. To represent the knife edge support in Fig. 3.1, the y-direction displacement is 
fixed with no shear stress as shown in Fig. 3.B.1. The distance from the knife edge to the fiber 
surface is denoted by 𝑙𝑔. 
Fig. 3.B.2 (a) shows the FEM stress 𝜎𝑥,𝐹𝐸𝑀 distribution when 𝑒𝑚𝑖𝑛 = 3
−9𝐷, 𝑙𝑏 = 100μm 
and 𝑙𝑔 = 20μm focusing on Point E and Point A. The stress 𝜎𝑥,𝐹𝐸𝑀 around Point E is under 
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tension and the stress 𝜎𝑥,𝐹𝐸𝑀 around Point A is under compression. Fig. 3.B.3 shows the stress 
𝜎𝑥,𝐹𝐸𝑀(𝑦) and the shear stress 𝜏𝑦𝑥,𝐹𝐸𝑀(𝑦) along the entire fiber/droplet interface. Here, the 
y-coordinate indicates the location from Point A at 𝑦 = 0 to Point E at 𝑦 = 100μm. Since the 
stress at the vicinity of Point A and Point E goes to infinity, minimum element size  𝑒𝑚𝑖𝑛 =
3−9𝐷 is used around the singular points in Fig. 3.B.1. 
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Fig. 3.B.2 FEM stress 𝜎𝑥,𝐹𝐸𝑀
𝐴,𝐸
 when 𝑒𝑚𝑖𝑛 = 3
−9𝐷, 𝑙𝑏 = 100μm and 𝑙𝑔 = 20μm 
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Fig. 3.B.3 FEM stress  𝜎𝑥,𝐹𝐸𝑀
𝐴,𝐸
 and 𝜏𝑥𝑦,𝐹𝐸𝑀 
𝐴,𝐸
 when 𝑒𝑚𝑖𝑛 = 3
−9𝐷, 𝑙𝑏 = 100μm and 
𝑙𝑔 = 20μm along the entire fiber/matrix interface. 
 
Chapter 4 
Mechanical Engineering Dept.  52 Kyushu Institute of Technology 
Chapter 4 Material Combination Effects on ISSFs in Pull-out Test and Micro-bond Test 
4.1 Carbon fiber/Epoxy vs. Glass fiber/Epoxy 
In Chapter 2, the ISSFs in pull-out test were studied for Glass fiber/Epoxy as shown in Table 
4.1. ISSFs in micro-bond test for Glass fiber/Epoxy were studied in Chapter 3. In this chapter, 
ISSFs in pull-out test and micro-bond test will be studied for Carbon fiber/Epoxy, to investigate 
the material combination effects on the ISSFs. Detail mechanical properties of the two material 
are shown in Table 4.1. 
Table 4.1. Mechanical properties 
Fiber/Matrix 
(a): Carbon Fiber/ 
Epoxy 







































4.1 ISSF at Point A in pull-out test 












A  31) at Point 
A for carbon fiber/epoxy by varying 𝑙𝑖𝑛 varies from 50 μm to 1000 μm. And Fig. 4.1(b) 
show the ISSFs for glass fiber/epoxy. It is seen that ISSFs decrease with increasing 𝑙𝑖𝑛. This is 
consistent with the experimental results showing that the maximum pull-out force increases 
with increasing 𝑙𝑖𝑛 
34),75). 
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By assuming the total fiber length of 𝑙 = 600 μm , the ISSFs are compared when 𝑙𝑖𝑛 =
150 μm  (1/4 embedded length) and 𝑙𝑖𝑛 = 300 𝜇𝑚  (1/2 embedded length). As shown in 
Table 4.2 for carbon fiber/epoxy, mode I ISSF, 𝐾
𝜎,𝜆1
A




A = 0.126 at 𝑙𝑖𝑛 = 150 μm and the modeⅡISSF 𝐾𝜎,𝜆2A
A = 0.134 at 𝑙𝑖𝑛 =
300 μm is 27.6% smaller than 𝐾
𝜎,𝜆2
A
A =0.185 at 𝑙𝑖𝑛 = 150 μm. 
For glass fiber/epoxy, mode Ⅰ ISSF 𝐾
𝜎,𝜆1
A




A =0.120 at 𝑙𝑖𝑛 = 150 μm. Regarding Mode ⅡISSF, 𝐾𝜎,𝜆2A
A =0.139 at 𝑙𝑖𝑛 = 300 μm is 
32.8% smaller than 𝐾
𝜎,𝜆2
A
A =0.207 at 𝑙𝑖𝑛 = 150 μm. 












A  in Fig. 2.1 for Carbon 






















[MPa ∙ m1−0.6158] 
50 0.214 0.288 0.126 0.182 
100 0.154 0.224 0.0907 0.141 
150 0.126 0.185 0.0742 0.117 
200 0.109 0.163 0.0642 0.103 
250 0.0970 0.147 0.0572 0.0929 
300 0.0875 0.134 0.0516 0.0846 
350 0.0805 0.124 0.0475 0.0785 
400 0.0749 0.116 0.0441 0.0733 
450 0.0698 0.109 0.0411 0.0687 
500 0.0658 0.103 0.0388 0.0650 
1000 0.0430 0.0689 0.0253 0.0435 
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Fig. 4.1(a). ISSFs at Point A vs. embedding length for Carbon Fiber/Epoxy 
 
Fig. 4.1(b). ISSFs at Point A vs. embedding length for Glass Fiber/Epoxy 
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4.2 ISSF at Point E in Pull-out test 






E  at Point E for carbon fiber/epoxy by 
varying 𝑙𝑖𝑛 from 50 μm to 1000 μm. Regarding the first term 𝐾𝜎,𝜆1E




E = 0.223 at 𝑙𝑖𝑛 = 300 μm is 23.4% smaller than 𝐾𝜎,𝜆1E
E = 0.291 at 
𝑙𝑖𝑛 = 150 μm. 
For glass fiber/epoxy, 𝐾
𝜎,𝜆1
E
E =0.339 at 𝑙𝑖𝑛 = 300 μm is 12.9% smaller than 𝐾𝜎,𝜆1E
E =0.389 
at 𝑙𝑖𝑛 = 150 μm. 






E  in Fig. 2.1 for 
Carbon fiber/Epoxy in Table 4.1(a). 









E  [MPa ∙ m1−0.6752] 
50 0.470 0.166 
100 0.346 0.122 
150 0.291 0.103 
200 0.259 0.0915 
250 0.238 0.0840 
300 0.223 0.0787 
350 0.212 0.0747 
400 0.203 0.0717 
450 0.196 0.0693 
500 0.191 0.0674 
1000 0.170 0.0599 
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Fig. 4.2(a). ISSFs at Point E vs. embedding length for Carbon Fiber/Epoxy 
 
Fig. 4.2(b). ISSFs at Point E vs. embedding length for Glass Fiber/Epoxy 
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Fig. 4.3. Stress distributions when 𝑙𝑖𝑛 = 100 μm for Carbon Fiber/Epoxy 
 
Fig. 4.4. Stress distributions when 𝑙𝑖𝑛 = 1000 μm for Carbon Fiber/Epoxy 
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Similar to the Glass fiber/Epoxy, the normal stress distributions along the interfaces between 
the fiber and matrix are studied for Carbon fiber/Epoxy. Normal stress distribution 𝜎𝑦
A(𝑟1) and 
𝜎𝑥
E(𝑟3) are mainly compared in the following discussion. As shown in Fig. 4.3 for carbon 
fiber/epoxy when 𝑙𝑖𝑛 = 100 μm, since the stress 𝜎𝑦
A(𝑟1) at Point A is larger than the stress 
𝜎𝑥
E(𝑟3) at Point E, debonding may occur at Point A earlier. On the other hand, when 𝑙𝑖𝑛 =
1000 μm in Fig. 4.4, since the stress 𝜎𝑦
E(𝑟3) at point E is larger than the stress 𝜎𝑦
A(𝑟1) at 
point A, debonding may occur earlier at Point E. These phenomena is same for the two material 
combination as shown in Table 4.1. 
Fig. 4.5 shows the comparison of stress 𝜎𝑦
A(𝑟1) at 𝑟1 = 1μm close to Point A and the stress 
𝜎𝑥
E(𝑟3) at 𝑟3 = 1μm close to Point E by varying 𝑙𝑖𝑛 .The fixed position 𝑟1 = 𝑟3 = 1μm is 
selected to compare the different results of Carbon fiber/Epoxy and Glass fiber/Epoxy. In Fig. 
4.5(a) when 𝑙𝑖𝑛 = 450μm, the severity at Point A and Point E is almost the same for carbon 
fiber/epoxy based on the assumption 𝜎𝑦
A(𝑟1)|r1=1μm = 𝜎𝑥
E(𝑟3)|𝑟3=1μm. As shown in Fig. 4.5(b), 
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Fig. 4.5(a). Stress at 𝑟 = 1μm of different embedding length for Carbon Fiber/Epoxy 
 
Fig. 4.5(b). Stress at 𝑟 = 1μm of different embedding length for Glass Fiber/Epoxy 
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4.3 ISSF in micro-bond test for Carbon fiber/Epoxy in comparison with Glass 
fiber/Epoxy 
In Chapter 3, for the glass fiber/epoxy in Table 4.1(b), the effect of knife gap opening 𝑙𝑔 on 
the ISSF 𝐾𝜎
𝐸 was discussed. Then, it was found that when 𝑙𝑔 ≤ 10μm commonly used, the 
ISSF 𝐾𝜎
𝐸 is very sensitive to 𝑙𝑔. As a conclusion, 𝑙𝑔 ≥ 10μm is recommended for suitable 
testing geometry since the ISSF 𝐾𝜎
𝐸 becomes almost constant. To verify this conclusion, for 
carbon fiber/epoxy in Table 4.1(a), the effect of knife gap opening 𝑙𝑔 on the ISSF 𝐾𝜎
𝐸 was 
discussed as shown in Table 4.4 and Fig. 4.6(a). Here, the singular index for Carbon fiber/Epoxy 
at Point E is 𝜆1,𝐶 = 0.6751 instead of the singular index for Glass fiber/Epoxy  𝜆1,𝑔 =
0.6592 . Table 4.4 and Fig. 4.6(a) illustrate the ISSF 𝐾𝜎
𝐸 by varying knife gap opening 𝑙𝑔 
when the droplet dimensions 𝑙𝑏 = 100μm, 200μm, 400μm in a similar way of Fig. 4.6(b) of 
Glass fiber/Epoxy. Effect of 𝑙𝑔 on the ISSF results in Fig. 4.6(a) is similar to Fig. 4.6(b) since 
the ISSF 𝐾𝜎
𝐸 is sensitive to 𝑙𝑔 when  𝑙𝑔 ≤ 10μm  and almost independent of 𝑙𝑔 when ≥




Mechanical Engineering Dept.  61 Kyushu Institute of Technology 
 
Fig. 4.6(a). ISSF 𝐾𝜎
𝐸 variation by varying 𝑙𝑔 for Carbon fiber/Epoxy  
 
Fig. 4.6(b). ISSF 𝐾𝜎
𝐸 variation by varying 𝑙𝑔 for Glass fiber/Epoxy  
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As shown in Table 4.5 and Fig. 4.7 for Carbon fiber/Epoxy in Table 4.1(a), the ISSF ratio 
𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄  is investigated. The ISSF ratio 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄ ≅ 0.60 for Carbon fiber/Epoxy. In other 
words, the ISSF at Point E in micro-bond test is about 1.66 times of that at Point E∗ in pull-
out test. For Glass fiber/Epoxy, the ISSF ratio 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄  is almost constant as 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄ ≅ 0.75. 
In other words, the ISSF at Point E in micro-bond test is about 1.5 times of that at Point E∗ in 
pull-out test. In Fig.4.7, both ISSF ratios are nearly constant independent of 𝑙𝑏as 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄ ≅
0.60~0.75 ≅ 0.66. The ISSF of pull-out test can be roughly estimated from the ISSF of micro-
bond test. 
Table 4.4. ISSF variation 𝐾𝜎
𝐸 [𝑀𝑃𝑎 ∙ 𝑚1−0.6751] by varying 𝑙𝑔 for Carbon 
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Fig. 4.7. ISSF ratio 𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄  of pull-out test and micro-bond test when 𝑙𝑔 = 20μm  
 
Table 4.5. ISSF 𝐾𝜎
𝐸 in micro-bond test when 𝑙𝑔 = 20μm 
and 𝐾𝜎
𝐸∗ in pull-out test of Carbon fiber/Epoxy 
𝑙𝑏 [μm] 100 150 200 400 
𝐾𝜎
𝐸∗[𝑀𝑃𝑎 ∙ 𝑚1−0.6751] 0.346 0.291 0.259 0.203 
𝐾𝜎
𝐸[𝑀𝑃𝑎 ∙ 𝑚1−0.6751] 0.624 0.491 0.434 0.347 
𝐾𝜎
𝐸∗ 𝐾𝜎
𝐸⁄  0.554 0.593 0.596 0.585 
4.4 ISSFs under Arbitrary Material Combination for a Single Rectangle Fiber in an 
Infinite Plate Subjected to Remote Tension 
In this section, the intensity of singular stress fields (ISSFs) in Fig. 2.2(b) are shown in the 
𝛼 − 𝛽 space. Here, 𝛼 , 𝛽 denote Dundurs bimaterial parameters 15), which are defined by 
equation (4.1). Here, 𝐺𝐹 and 𝐺𝑀 are shear modulus, which can be transformed from Young’s 
modulus 𝐸𝐹 , 𝐸𝑀 and Poisson’s Ratios 𝜈𝐹 , 𝜈𝑀 . Subscripts M, F represent the matrix and 
reinforcing fiber, respectively. In this study, analysis is carried out on the basis of plane 
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, 𝜅𝑖 = {
(3 − 𝜈𝑖) (1 + 𝜈𝑖)⁄    (𝑃𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑒𝑠𝑠)
(3 − 4𝜈𝑖)                   (𝑃𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑎𝑖𝑛)
(𝑖 =
𝑀, 𝐹).   (4.1) 





∗  at Point A∗ in Fig. 2.2(b) can be calculated. Here, the fiber’s total length is fixed as 
the aspect ratio 𝑙 /𝐷 = 10. For the material combination (a) in Table 4.1, the convergency of 
the solution is shown in Table 4.6 by varying the number of collocation M increasing the order 
of polynomial approximation at each boundary division. Four digits accuracy can be seen. The 
normalized ISSFs in Fig. 2.2(b) defined by equation (2.5) are shown in Table 4.7 and Fig. 4.8 
under arbitrary material combination. 
Singular indexes 𝜆1
𝐴 and 𝜆2
𝐴 around the corner A and corner A∗can be calculated by solving 
equations (4.2a) and (4.2b) on 𝜆, respectively 50),55).  
Here, the singular indexes 𝜆1
𝐴 and 𝜆2
𝐴 have real values in the range 0 < Re(𝜆𝑖
𝐴) < 1 if 
𝛽(𝛼 − 𝛽) > 0 . In equations (4.2), we can put 𝛾 = 𝜋 2⁄   representing the angle between 
interfaces 𝑟1and 𝑟2. 
 𝐷1(𝛼, 𝛽, 𝛾, 𝜆) = (𝛼 − 𝛽)
2𝜆2[1 − 𝑐𝑜𝑠(2𝛾)] − 2𝜆(𝛼 − 𝛽)𝑠𝑖𝑛(𝛾){𝑠𝑖𝑛(𝜆𝛾) + 𝑠𝑖𝑛[𝜆(2𝜋 − 𝛾)]}
+2𝜆(𝛼 − 𝛽)𝛽 ∙ 𝑠𝑖𝑛(𝛾){𝑠𝑖𝑛[𝜆(2𝜋 − 𝛾)] − 𝑠𝑖𝑛(𝜆𝛾)}
+(1 − 𝛼2) − (1 − 𝛽2)𝑐𝑜𝑠(2𝜆𝜋) + (𝛼2 − 𝛽2) 𝑐𝑜𝑠[2𝜆(𝛾 − 𝜋)] = 0
 
(4.2a) 
𝐷2(𝛼, 𝛽, 𝛾, 𝜆) = (𝛼 − 𝛽)
2𝜆2[1 − 𝑐𝑜𝑠(2𝛾)] + 2𝜆(𝛼 − 𝛽)𝑠𝑖𝑛(𝛾){𝑠𝑖𝑛(𝜆𝛾) + 𝑠𝑖𝑛[𝜆(2𝜋 − 𝛾)]}
−2𝜆(𝛼 − 𝛽)𝛽 ∙ 𝑠𝑖𝑛(𝛾){𝑠𝑖𝑛[𝜆(2𝜋 − 𝛾)] − 𝑠𝑖𝑛(𝜆𝛾)}
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Table 4.6. Convergence of the ISSFs in Fig. 2.2(b) 







8 0.6780 1.132 
7 0.6782 1.133 
6 0.6780 1.133 
5 0.6783 1.130 
 
Fig. 4.8 ISSFs for a Single Rectangle Fiber in an Infinite Plate Subjected to Remote 
Tension in Fig. 2.2(b) 
Table 4.7(a). 𝐹
Ⅰ
∗  for a Single Rectangle Fiber in an Infinite Plate Subjected to 
Remote Tension in Fig. 2.2(b) 
 𝛼 =0.9 0.8 0.7 0.6 0.5 0.4 0.3 
𝛽 = 0.1 0.623 0.513 0.434 0.370 0.322 0.280 0.245 
𝛽 = 0.2 0.584 0.484 0.412 0.353 0.304 0.265 - 
𝛽 = 0.3 0.563 0.469 0.393 0.334 0.297 - - 
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Table 4.7(b). 𝐹
Ⅱ
∗  for a Single Rectangle Fiber in an Infinite Plate Subjected to 
Remote Tension in Fig. 2.2(b) 
 𝛼 =0.9 0.8 0.7 0.6 0.5 0.4 0.3 
𝛽 = 0.1 1.208 1.131 1.189 1.371 1.675 2.198 3.106 
𝛽 = 0.2 1.019 0.993 1.086 1.290 1.629 2.141 - 
𝛽 = 0.3 0.870 0.883 1.014 1.240 1.598 - - 
𝛽 = 0.4 0.753 0.810 0.955 - - - - 
4.5 ISSFs under Arbitrary Material Combination for a Single Fiber Subjected to Pull-
out Force from a Semi-Infinite Plate 
In this section, the ISSFs in Fig. 2.2(a) at the fiber buried end under pull-out are shown in 
the 𝛼 − 𝛽 space. The fiber embedding length is fixed as 𝑙𝑖𝑛/𝐷 = 5. Tables 4.8.a, 4.8.b and Fig. 
4.9 show the ISSF ratios for Fig. 2.2(a) and (b) obtained by using the proportional method 
explained in Chapter 2. Table 4.9 and Fig. 4.10 show the normalized ISSFs at Point A in Fig. 
2.2(a) calculated from the ISSF ratios and the ISSFs at Point A∗ shown in Fig. 4.8. 
Table 4.8(a). 𝐹Ⅰ 𝐹Ⅰ
∗⁄  when 𝑙𝑖𝑛/𝐷 = 5 in Fig. 2.2(a) and 𝑙/𝐷 = 10 in Fig. 2.2(b) 
 𝛼 =0.9 0.8 0.7 0.6 0.5 0.4 0.3 
𝛽 = 0.1 0.0864 0.111 0.128 0.139 0.145 0.146 0.143 
𝛽 = 0.2 0.0862 0.108 0.122 0.130 0.133 0.132 - 
𝛽 = 0.3 0.0851 0.105 0.116 0.122 0.123 - - 
𝛽 = 0.4 0.0832 0.100 0.110 - - - - 
 
Table 4.8(b). 𝐹Ⅱ 𝐹Ⅱ
∗⁄  when 𝑙𝑖𝑛/𝐷 = 5 in Fig. 2.2(a) and 𝑙/𝐷 = 10 in Fig. 2.2(b) 
 𝛼 =0.9 0.8 0.7 0.6 0.5 0.4 0.3 
𝛽 = 0.1 0.0766 0.0935 0.104 0.111 0.115 0.118 0.119 
𝛽 = 0.2 0.0760 0.0928 0.103 0.109 0.113 0.115 - 
𝛽 = 0.3 0.0749 0.0915 0.101 0.107 0.111 - - 
𝛽 = 0.4 0.0733 0.0895 0.0991 - - - - 
Chapter 4 
Mechanical Engineering Dept.  67 Kyushu Institute of Technology 
 
Fig. 4.9(a). FEM stress ratio 
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Table 4.9(a). 𝐹Ⅰ when 𝑙𝑖𝑛/𝐷 = 5 in Fig. 2.2(a). 
 𝛼 =0.9 0.8 0.7 0.6 0.5 0.4 0.3 
𝛽 = 0.1 0.05384 0.05707 0.05569 0.05163 0.04673 0.04099 0.03502 
𝛽 = 0.2 0.05032 0.05220 0.05019 0.04579 0.04052 0.03501 - 
𝛽 = 0.3 0.04792 0.04898 0.04562 0.04065 0.03644 - - 
𝛽 = 0.4 0.04553 0.04511 0.04209 - - - - 
 
Table 4.9(b). 𝐹Ⅱ when 𝑙𝑖𝑛/𝐷 = 5 in Fig. 2.2(a). 
 𝛼 =0.9 0.8 0.7 0.6 0.5 0.4 0.3 
𝛽 = 0.1 0.09249 0.10581 0.12418 0.15250 0.19326 0.25863 0.36925 
𝛽 = 0.2 0.07743 0.09214 0.11202 0.14115 0.18444 0.24687 - 
𝛽 = 0.3 0.06516 0.08079 0.10280 0.13304 0.17696 - - 
𝛽 = 0.4 0.05519 0.07249 0.09466 - - - - 
 
Fig. 4.10(a). 𝐹Ⅰ when 𝑙𝑖𝑛/𝐷 = 5 in Fig. 2.2(a) 
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Fig. 4.10(b). 𝐹Ⅱ when 𝑙𝑖𝑛/𝐷 = 5 in Fig. 2.2(a). 
4.6 Conclusions 
The ISSFs in pull-out test and micro-bond test are studied for the material combination of 
Carbon fiber/Epoxy. For pull-out test, the buried fiber end Point A is easier to debond if the 
bonded length is short. The fiber entry Point E is easier to debond if the bonded length is long. 
This is same to Carbon fiber/Epoxy and Glass fiber/Epoxy. The ISSF ratio between pull-out 
test and micro-bond test is within range of 0.55~0.75, which is almost constant for different 
materials and independent of bonded length. Therefore, the results of pull-out test can be 
predicted from that of micro-bond test, if same material combination and fiber bonded length 
are used. 
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Chapter 5 Conclusions. 
In fiber reinforced composites, both the fiber and the matrix retain their original physical and 
chemical identities, yet together they produce a combination of mechanical properties that 
cannot be achieved with either of the constituents acting alone. Pull-out test and Micro-bond 
test are most widely used to gain more insight into the properties of the fiber/matrix interface. 
However, among those previous studies the singular stress fields have not been considered. In 
this study, therefore, a partially-embedded single-fiber under pull-out force was analyzed 
focusing on two distinct singular stress fields appearing at fiber end and entry points in 
comparison with micro-bond test. Then, the following conclusions were obtained. 






A  decrease 
with increasing the fiber embedded length 𝑙𝑖𝑛 . Under fixed fiber length 𝑙 = 600 μm , the 
ISSFs at 𝑙𝑖𝑛 = (1/2)𝑙  is about 30% smaller than the ISSFs at 𝑙𝑖𝑛 = (1/4)𝑙  for carbon 
fiber/epoxy, and the ISSFs at 𝑙𝑖𝑛 = (1/2)𝑙 is about 40% smaller than the ISSFs at 𝑙𝑖𝑛 =
(1/4)𝑙 for glass fiber/epoxy. 






E  at the fiber entry point decrease 
with increasing the fiber embedded length 𝑙𝑖𝑛. For example, the ISSFs at 𝑙𝑖𝑛 = (1/2)𝑙 is about 
20% smaller than at 𝑙𝑖𝑛 = (1/4)𝑙 for carbon fiber/epoxy. The ISSFs at 𝑙𝑖𝑛 = (1/2)𝑙 is about 
10% smaller than the ISSFs at 𝑙𝑖𝑛 = (1/4)𝑙 for glass fiber/epoxy. The ISSF decreasing rate at 
Point E becomes smaller than that at Point A especially when 𝑙𝑖𝑛 is large.  
(3) In pull-out test, the severities were compared at the fiber end and fiber entry point by 
focusing on the stress just1 μm away from the singular point by varying 𝑙𝑖𝑛 (see Fig. 4.5). 
For carbon fiber/epoxy, the severities at the fiber end and fiber entry point are almost the same 
when 𝑙𝑖𝑛 = 450μm . For glass fiber/epoxy, the severities are almost the same when 𝑙𝑖𝑛 =
125μm. For shorter embedded length, the buried fiber end becomes more dangerous. 
(4) In micro-bond test, no matter how the fiber bond length 𝑙𝑏 changes, the fiber entry point 
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is more dangerous in micro-bond test. Instead, in fiber pull-out test, the fiber end point can be 
more dangerous if the embedded length is shorter. The ISSF at the entry point in micro-bond 
test is about 1.5 times of the ISSF of pull-out test at the entry point under the same geometries 
𝐷 and 𝑙𝑏. By using this knowledge, the ISSFs of pull-out test can be predicted from micro-
bond test.  
(5) In micro-bond test, care should be taken for the small knife gap opening 𝑙𝑔 ≤ 10μm 
popularly used because the ISSF 𝐾𝜎
𝐸 is sensitive to 𝑙𝑔. Instead, testing geometry 𝑙𝑔 ≥ 10μm 
can be recommended since the ISSF 𝐾𝜎
𝐸 is nearly independent of 𝑙𝑔. 
(6) Reference solution coupled with proportional method were indicated to calculate the ISSF 
conveniently for various fiber with other geometries. 
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